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Prefa
eThe INTAS proje
t 99-01459 involves four resear
h teams working in the�eld of mathemati
al physi
s: from Fran
e (Theoreti
al Physi
s Laboratory,Anne
y), from Germany (Institute for Theoreti
al Physi
s, Free University,Berlin), from Russia (Physi
s Department, State University and SteklovInstitute, St.Petersburg), and from Armenia (Physi
s Institute, Yerevan).The main aim of the proje
t is development of the theory of low-dimensionalintegrable models, in parti
ular, further development of the te
hnique of
omputation of 
orrelation fun
tions and form-fa
tors and investigation ofquantum symmetries of integrable models. More detailed program 
an befound at http://www.physik.fu-berlin.de/~karowski/intas.htmlThis volume 
ontains 
ontributions to the workshop on Low dimensionalintegrable models and their appli
ations that took pla
e as a part of theproje
t. The workshop was organized by the Anne
y team and was held atthe Theoreti
al Physi
s Laboratory of Anne
y-Le-Vieux (LAPTH) from May21 to 25, 2001.
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Pro
eedings of the workshopLow dimensional integrable models and their appli
ations in �eld theory and statisti
al physi
s(LAPTH, Anne
y, May 2001)
Symmetries in staggered modelsD. Arnaudon a, A. Sedrakyan b, T. Sedrakyan b and P. Sorba aa LAPTH, Chemin de Bellevue, BP 110,F-74941 Anne
y-le-Vieux 
edex, Fran
eb Yerevan Physi
s InstituteAlikhanian br. 2, 375036 Yerevan, ArmeniaAbstra
tWe 
onstru
t integrable models with Z2 grading of both auxiliary (
hain) and quantum(time) spa
es. These models have a staggered disposition of the anisotropy parameter. The
orresponding Yang{Baxter Equations are written down and their solution for the gl(N)
ase are found. We analyze in details the N = 2 
ase and �nd the 
orresponding quantumgroup behind this solution. It 
an be regarded as quantum UqB(gl(2)) group with a matrixdeformation parameter qB with (qB)2 = q2. The symmetry behind these models 
an alsobe interpreted as the tensor produ
t of the (-1)-Weyl algebra by an extension of Uq(gl(N))with a Cartan generator related to deformation parameter -1.1 Des
ription of the modelThis presentation is based on the arti
les [1, 2, 3, 4℄. Detailed notations and many referen
esmay be found in these papers.We de�ne the double row monodromy matrix :T (�; u) = T0(�; u)T1(�; u)with T1(�; u) = NYj=1Ra;2j�1(�; u) �R�2a;2j(�; u) ;T0(�; u) = NYj=1 �R�1a;2j�1(�; u)R�1�2a;2j(�; u) ;where the R-matri
es a
t in the following spa
esRaj (u; v) : Va;0(u)
 Vj;0(v) �! Vj;1(v)
 Va;1(u)R�1aj (u; v) : Va;0(u)
 Vj;1(v) �! Vj;0(v)
 Va;1(u)R�2aj (u; v) : Va;1(u)
 Vj;0(v) �! Vj;1(v)
 Va;0(u)R�1�2aj (u; v) : Va;1(u)
 Vj;1(v) �! Vj;0(v)
 Va;0(u)The monodromy matri
es T0 and T1 
an be presented graphi
ally as follows:This work was partially supported by the INTAS proje
t 99-01459 5



D. Arnaudon, A. Sedrakyan, T. Sedrakyan and P. Sorba
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2 IntegrabilityIn order to have a integrable model with 
ommuting transfer matri
es for di�erent spe
tralparameters [tr T (�; u); tr T (�; v)℄ = 0 ;it is enough to have the following relations for the ��(u) = trT�(�; u), (� = 0; 1) :��(�; u) �1��(�; v) = ���(�; v) ��1��(�; u) :This is satis�ed if two Yang{Baxter like equation are satis�edR12(u; v) �R�113(u) R23(v) = R�123(v) �R13(u) ~R12(u; v) ;~R12(u; v) R�1�213 (u) �R�223(v) = �R�1�223 (v) R�213(u) R12(u; v) :The following R-matri
es are solutions of this set of Yang{Baxter equations :R(u) = 0BB� sin(�+ u) 0 0 00 sin(u) e�iu sin(�) 00 eiu sin(�) sin(u) 00 0 0 sin(�+ u) 1CCAR�1(u) = 0BB� sin(�+ u) 0 0 00 � sin(u) e�iu sin(�) 00 eiu sin(�) � sin(u) 00 0 0 sin(�+ u) 1CCA6



Symmetries in staggered modelswith furthermore�R(u) � R(� � u) ; R�2(u) = R�1(�u) ; ~R(u) = R�1(u) ;where � is a new parameter.3 Constant R-matri
es:Let z = eiu and R12(u) = 12i �zR12 � z�1R�121 � :Then the Yang{Baxter equations for the spe
tral parameter dependent R-matrix R(u) andR�1(u) are equivalent to the following equations for the 
onstant R-matri
es R and R�1R12R�113R23 = R�123R13R�112 ; R�112R13R�123 = R23R�113R12 ;R12 (R�131)�1R23 � (R21)�1R�113 (R32)�1 = R�123 (R31)�1R�112 � (R�132)�1R13 (R�121)�1 :From the spe
tral parameter dependent solution we dedu
e that a solution of the 
onstantequations is given byR = 0BB� q 0 0 00 1 0 00 q � q�1 1 00 0 0 q 1CCA ; R�1 = 0BB� q 0 0 00 �1 0 00 q � q�1 �1 00 0 0 q 1CCA ;where the R is the usual R-matrix of Uq(sl(2)).4 AlgebraThese two R-matri
es and the 
onstant YBE equations lead to the following algebra, de�nedby the generators L�, (L�)�1R12L��11 L�2 = L��12 L�1 R�112 ; R12L+�11 L�2 = L��12 L+1 R�112 ;R�112L�1 L��12 = L�2 L��11 R12 ; R�112L+1 L��12 = L�2 L+�11 R12 ;R12L��11 L+2 � (R21)�1 L+�11 L�2 = L+�12 L�1 R�112 � L��12 L+1 (R�121)�1 ;R�112L�1 L+�12 � (R�121)�1 L+1 L��12 = L+2 L��11 R12 � L�2 L+�11 (R21)�1 :Writing the operators L� in the formL+ = � K+1 0E K+2 � ; L� = � K�1 F0 K�2 �and similarly for L��1 , we get the relationsK�1+1K�1 = K�1�1K+1 ; K�1+2K�2 = K�1�2K+2 ;K�1+1K+2 = �K�1+2K+1 ; K�1�1K�2 = �K�1�2K�1 ;K�1+1K�2 = �K�1�2K+1 ; K�1+2K�1 = �K�1�1K+2 ;7



D. Arnaudon, A. Sedrakyan, T. Sedrakyan and P. SorbaK�1+1E = q E�1K+1 ; K�1�1E = q�1 E�1K�1K�1+2E = �q�1 E�1K+2 ; K�1�2E = �q E�1K�2 ;K�1+1F = �q�1 F �1K+1 ; K�1�1F = �q F �1K�1 ;K�1+2F = q F �1K+2 ; K�1�2F = q�1 F �1K�2 ;E�1F + F �1E = (q � q�1) �K�1�1K+2 �K�1+1K�2� :5 An interpretation with an operator-valued deformation pa-rameter qBWe gather the operators in matri
es asK�1 = � 0 K�1K�1�1 0 � ; K�2 = � 0 K�2�K�1�2 0 � ;E = � 0 E�E�1 0 � ; F = � 0 FF �1 0 � ;B = � 1 00 �1 � ; B2 = 1 :With this de�nitionK�1K�2 = K�2K�1 BKi = �KiBBE = �EB BF = �FBK�1E = q�1BEK�1 K�2E = q�1BEK�2K�1F = q�1BFK�1 K�2F = q�1BFK�2[E ;F ℄ = (q � q�1)B(K2K�1 �K1K�2)This is glq(2) with, instead of the ordinary deformation parameter q, a deformation matrix qBwith the property (qB)2 = q2. This algebra 
an be denoted as glqB(2).6 Uq(gl(2)) subalgebraWe de�ne the quadrati
 operatorse = K�11 E ; f = K�12 F ;k1 = K�11 K1 ; k2 = K�12 K2 ;l1 = K�11 K�1 ; l2 = K�12 K�2 ;m = K�11 K2 :They satisfy the relationsk1e = �q2ek1 ; k1f = �q�2fk1 ;k2e = �q�2ek2 ; k2f = �q2fk2 ;[e; f ℄ = (q2 � 1)(k1l2 � k2l1) ;lie = �eli ; lif = �fli ;me = �em ; mf = �fm :8



Symmetries in staggered modelsThe full algebra is obtained for the algebra generated by the quadrati
 operators by exten-sion by the single linear operator K1. It is equivalent to sl(2)
 U�q2;�1(gl(2)) where the �rstsl(2) is taken in the fundamental representation and where U�q2;�1(gl(2)) is simply U�q2(gl(2))with the supplementary operator l1 = ih.
7 RepresentationsAn irrep of our algebra is the dire
t sum of the two irrep of Uq(gl(2)) with the same highestweight. These two are 
onne
ted by the supplementary generator K1. This is des
ribed by thefollowing �gure:
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D. Arnaudon, A. Sedrakyan, T. Sedrakyan and P. Sorba8 Coprodu
t �(3) ; 
oa
tion of Uq(gl(2))We do not have a 
oprodu
t � : A �! A
 A sin
e the algebra is de�ned by the use of twodi�erent R-matri
es. However, one has the following notions. De�ne�(3) : A �! A
A
AL 7�! L :
 L�1 :
 Li.e., �(3)(K1) = K1 
K�11 
K1 ; �(3)(K2) = K2 
K�12 
K2�(3)(E) = E 
K�11 
K1 +K2 
E�1 
K1 +K2 
K�12 
E ;�(3)(F ) = K�1 
K�1�1 
 F +K�1 
 F �1 
K�2 + F 
K�1�2 
K�2 :Proposition. �(3) is a morphism of algebras.De�ne also � : A �! Uq;i(gl(2)) 
A by�(K1) = k1 
K1 ; �(K2) = k2 
K2 ;�(E) = e
K1 + k2 
 E ;�(F) = k�11 
F + f 
K�12 :Proposition. � is a morphism of algebras.9 Generalization of Uq(gl(N))Let us 
onsider now the gl(N) algebra. The two 
onstant R-matri
es R and R�1 given byR = NXi=1 qeii 
 eii + NXi;j=1i6=j eii 
 ejj + (q � q�1) NXi;j=1i>j eij 
 eji ;R�1 = NXi=1 qeii 
 eii + NXi;j=1i6=j bijeii 
 ejj + (q � q�1) NXi;j=1i>j eij 
 ejisatisfy the set of YBE equations provided thatbij = bikbkj and b2ij = 1 :This 
o
y
le 
ondition allows us to write bij = bib�1j , with b1 = 1 and bi = �1 for i > 1, thusyielding several solutions.bjL+imL�jn�1 + (q � q�1) biL+jmL�in�1 = biL�jnL+im�1 ;bjL+im�1L�jn + (q � q�1) bjL+jm�1L�in = bjbmnL�jn�1L+im :Compare these relations with ordinary Uq(gl(N)) :L+imL�jn + (q � q�1) L+jmL�in = L�jnL+im10



Symmetries in staggered modelsBy a rede�nition of the generators, the previous relations 
an be written asL+imL�jn0 + (q � q�1) L+jmL�in0 = L�jnL+im0 ;L+im0L�jn + (q � q�1) L+jm0L�in = L�jn0L+im :These relations 
ontain no supplementary signs with respe
t to Uq(gl(N)). However, they stillinvolve alternating L and L0 and we have the supplementary relationsl�11 L�ij = bijL�ijl1 ; l1L�ij 0 = bijL�ij 0l�11 :Using the operators I � K1(k1l1)�1=2 and I�1 � (k1l1)�1=2K 01 (these operators are alwaysde�ned in all �nite dimensional representations) satisfying I�1I + II�1 = 1, we haveProposition. The algebra generated by L�ij and L�ij�1 is equivalent tosl(2)
Uq;�1(gl(N))where the �rst sl(2) is taken in the fundamental representation, and where Uq;�1(gl(N)) 
or-responds to Uq(gl(N)) extended by adjoining the generator l1 that anti
ommutes with some ofthe Lij's.Remark: l1 
an be seen as Qi bh!i+1�h!ii , where h!i is the Cartan generator related with thefundamental weight !i =P (A�1)ijhj .Referen
es[1℄ D. Arnaudon, R. Poghossian, A. Sedrakyan and P. Sorba, Nu
l. Phys. B588 (2000) 638{655.[2℄ J. Ambjorn, D. Arnaudon, A. Sedrakyan, T. Sedrakyan and P. Sorba, hep-th/0006243(2000).[3℄ D. Arnaudon, R. Poghossian, A. Sedrakyan, T. Sedrakyan and P. Sorba, Constru
tionof integrable models on ladders, and related quantum symmetries. In: Non-perturbativequantum e�e
ts 2000 (B. Julia and D. Bernard, eds.), vol. PRHEP-tmr2000/053, (Paris),JHEP, September 7-13, 2000.[4℄ D. Arnaudon, A. Sedrakyan, T. Sedrakyan and P. Sorba, hep-th/0106139 (2001).
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Pro
eedings of the workshopLow dimensional integrable models and their appli
ations in �eld theory and statisti
al physi
s(LAPTH, Anne
y, May 2001)
\The bootstrap" program. Integrable QFT in 1+1 dim.H. Babujian a;b and M. Karowski ba Yerevan Physi
s InstituteAlikhanian br. 2, 375036 Yerevan, Armeniab Institut f�ur Theoretis
he PhysikFreie Universit�at Berlin,Arnimallee 14, 14195 Berlin, GermanyContents1. The \Bootstrap Program"2. Integrability3. The S-matrix4. Form fa
tors5. Some results1 The \Bootstrap Program"Constru
t a quantum �eld theory expli
itly by:1. Cal
ulate the 2-parti
le S-matrix using(a) general properties: unitarity, 
rossing et
.(b) symmetry properties(
) \bound state bootstrap"(d) \Yang-Baxter Equation"(e) \maximal analyti
ity"2. Cal
ulate the \form fa
tors"h 0 j�(x) j p1 ; : : : ; pn iin = e�ix(p1+���+pn) f� (�1; : : : ; �n)using(a) the S-matrix(b) LSZ-assumptions(
) \maximal analyti
ity"3. Cal
ulate the \Wightman fun
tion"h 0 j�(x)�(y) j 0 i =Xn Z h 0 j�(x) jn iin inhn j�(y) j 0 i :12 This work was partially supported by the INTAS proje
t 99-01459



\The bootstrap" program. Integrable QFT in 1+1 dim.2 IntegrabilityIntegrability in (quantum) �eld theories means: there exits in�nitely many 
onservation laws��J�L(t; x) = 0 ; L = �1;�3; : : :Consequen
e in 1+1 dim.: the n-parti
le S-matrix is a produ
t of 2-parti
le S-matri
esS(n)(p1; : : : ; pn) =Yi<j Sij(pi; pj) :In parti
ular, for the 3-parti
le S-matrixS(3) = S12S13S23 = S23S13S12 :Yang-Baxter Equation
�������������� = �������

�������1 2 3 1 2 3ExamplesThe sine-Gordon model: �'(t; x)� '00(t; x) + �� sin�'(t; x) = 0 :The massive Thirring modelLMT = � (i
� �m) � 12 g � 
� � 
� :Both models are equivalent on the quantum level [Coleman 75℄. In the following expli
itsolutions are given for the sine-Gordon alias massive Thirring modelFurther models:� ZN -Ising models� Nonlinear �-models� Gross-Neveu models� Toda models 13



H. Babujian and M. Karowski3 The S-matrixExample: Sine-Gordon alias massive Thirring model. Parti
les: soliton, anti-soliton andbreathers (as soliton-anti-soliton bound states).2-parti
le S-matrix
S(�) = 0BBBBBBBBB�

u t rr t u Ssb Sbb . . .
1CCCCCCCCCA ;

where the rapidity di�eren
e � = j�1 � �2j is de�ned by pi = mi(
osh �i; sinh �i).We start with the 2-parti
le S-matrix:S�0�0�� = ������ ������ �
�0�0 : Sssss = u; S�sss�s = t; Ss�ss�s = rs = soliton, �s = anti-soliton1. Unitarity: S(��)S(�) = 1 implies u(��)u(�) = 1 ;t(��)t(�) + r(��)r(�) = 1 ;t(��)r(�) + r(��)t(�) = 0 :2. Crossing u(i� � �) = t(�) ; r(i� � �) = r(�) :3. Yang-Baxterr(�12)u(�13)r(�23) + t(�12)r(�13)t(�23) = u(�12)r(�13)u(�23) :The \minimal" general solution of these equations is [2℄:u(�; �) = expZ 10 dtt sinh t2(1� �)sinh �t2 
osh t2 sinh t �i� ;where � is a free parameter related to the 
ouplings1� = 8��2 � 1 = 1 + 2g� :This S-matrix was �rst obtained in [1℄ by other methods. It has been 
he
ked in perturbationtheory. 14



\The bootstrap" program. Integrable QFT in 1+1 dim.Bound statesLet 
 be a bound state of the parti
les � and � with massm
 =qm2� +m2� + 2m�m� 
os a ; (0 < a < �)) the 2 parti
le S-matrix has a poleiRes�=ia _S�0�0�� (�) = ��0�0
 �
��iRes ������ ������ �
�0�0 = ��� �������� �


�0�0
�
�� is the \bound state intertwiner".The bound state S-matrixThe s
attering of (12) with 3 is obtained by the \bootstrap" equationS(12)3(�(12)3) �(12)12 = �(12)12 S13(�13)S23(�23)����������1 2 3 (12)� = ���������������1 2 3(12)�Example: sine-Gordon alias massive Thirring model. The pole of Ss�s(�) at � = i�(1 � �)
orresponds to the bound statesoliton + anti�soliton �! breathers + �s �! (s�s) = bUsing the \bootstrap" equations one 
an deriveSss ! Sbs ! Sbb�! the breather-soliton S-matrixSbs(�) = t(� + 12 i�(1 � �))u(� � 12 i�(1 � �)) = sinh � + i sin 12�(1 + �)sinh � � i sin 12�(1 + �)�! the 2-breather S-matrixSbb(�) = Sbs(� + 12 i�(1� �))Sbs(� � 12 i�(1� �)) = sinh � + i sin��sinh � � i sin��The pole of Sbb(�) at � = i�� 
orrespond to the bound state (Karowski and Thun [3℄):b+ b �! (bb) = b2 = se
ond breather15



H. Babujian and M. KarowskiThe pole of Sbs(�) at � = i12�(1 + �) 
orrespond to the bound stateb+ s �! (bs) = sUsing the \bootstrap" equationsSbs(�) = Sbs(� + i��)Sbb(� � 12 i�(1� �)) ;u(�) = u(� + i��)Ssb(� � 12 i�(1� �)) ;one 
an derive inversely Sbb ! Sbs ! Sss :4 Form fa
torsDefinition: Let O(x) be a lo
al operator: the generalized form fa
tor isfO�1:::�n (�1; : : : ; �n) = h 0 j O(0) j p1; : : : ; pn iin�1:::�nfor �1 > � � � > �n (elsewhere by analyti
 
ontinuation)Properties (Karowski and Weisz [6℄, Smirnov [8℄, Babujian, Fring, Karowski and Zapletal[10℄):LSZ-assumptions+ 'maximal analyti
ity' =) form fa
tor equations(i) Watson's equation: fO:::ij:::(: : : ; �i; �j ; : : : ) = fO:::ji:::(: : : ; �j ; �i; : : : )Sij(�i � �j)(ii) Crossing:��1h p1 j O(0) j : : : ; pn iin;
onn::::�n = fO�1:::�n(�1 + i�; : : : ; �n) = fO:::�n�1(: : : ; �n; �1 � i�)(iii) Re
ursion relation: Res�12=i�fO1:::n(�1; : : : ) = 2iC12 fO3:::n(�3; : : : ) (1� S2n : : : S23)where C12 is the 
harge 
onjugation matrix(iv) Bound state form fa
tors: Res�12=�(12)12 fO123:::n(�) = fO(12)3:::n(�(12); �0)p2 �(12)12(v) Lorentz invarian
e: fO1:::n(�1 + u; : : : ; �n + u) = esu fO1:::n(�1; : : : ; �n)where s is the \spin" of OLo
alityTheorem: (i) { (iv) and a general 
rossing formula )inh� j [O(x);O(y)℄ j iin = 0for all matrix elements, if (x� y) is spa
e like.Proof: For the 
ase without bound states: Smirnov [8℄, Lashkevi
h 94. General 
ase: Quella[12℄. 16



\The bootstrap" program. Integrable QFT in 1+1 dim.Solutions of the form fa
tor equations2-parti
le form fa
torsh 0 j O(0) j p1; p2iin=out = F �(p1 + p2)2 � i"� = F (��12)Parti
le number 
onservation) h 0 j O(0) j p1; p2iin = h 0 j O(0) j p2 ; p1iout _S (�12)Crossing) h p1 j O(0) j p2i = F (i� � �12)=) Watson0s equations F (�) = F (��) _S (�)F (i� � �) = F (i� + �)\maximal analyti
ity" ) unique solutionExample: sine-Gordon alias massive Thirringmodel. 2-soliton form fa
tor (Weisz 77, Karowskiand Weisz [6℄): F (i� � �) = 
osh 12� expZ 10 dtt sinh t2 (1� �)sinh �t2 
osh t2 sinh t sin2 t �2� :The general solution for fO�1:::�n(�1; : : : ; �n)(�i = soliton, anti-soliton)Theorem ([10℄, [13℄, and Babujian and Karowski (in preparation)):fO�1:::�n(�) = ZC� dz1 � � � ZC� dzm h(�; z) pO(�; z)	�1:::�n(�; z)satis�es the properties (i) { (v), if the s
alar fun
tion h(�; z) ish(�; z) = Y1�i<j�nF (�ij) nYi=1 mYj=1�(�i � zj) Y1�i<j�m �(zi � zj) ;�(z) = 1�(z)�(�z) ; �(z) = 1F (z)F (z + i�) ;where F (z) is the 2-soliton form fa
torand if 8<: the integration 
ontour C�;the \Bethe ansatz00 state 	�1:::�n(�; z);and the p� fun
tion pO(�; z) 9=; are as follows :17



H. Babujian and M. KarowskiThe integration 
ontour C�

� �n � 2�i��n � i��� �n � i�� �n�� ���� �n + i�(� � 1)� �n + i�� �n + i�(2� � 1) . . .
� �2 � 2�i��2 � i��� �2 � i�� �2�� ���� �2 + i�(� � 1)� �2 + i�� �2 + i�(2� � 1)

� �1 � 2�i��1 � i��� �1 � i�� �1�� ���� �1 + i�(� � 1)� �1 + i�� �1 + i�(2� � 1)
- ��

\O�-shell Bethe ansatz" state : 	�1:::�n(�; z)De�ne the \monodromy matrix"T1:::n;0(�; �0) = _S10(�1 � �0) _S20(�2 � �0) � � � _Sn0(�n � �0)= 1 2 n 0: : :a
ting in V 1:::n 
 V0 with V 1:::n = V1 
 � � � 
 Vn(all Vi �= C 2 for slq(2)).De�ne the sub-matri
es A;B;C;D byT1:::n;0(�; z) � � A1:::n(�; z) B1:::n(�; z)C1:::n(�; z) D1:::n(�; z) � :The \pseudo-va
uum" 
onsisting only of solitons
1:::n = s
 � � � 
 s :A Bethe ansatz 
o-ve
tor in V1:::n is de�ned by	1:::n(�; z) = 
1:::nC1:::n(�; z1) � � �C1:::n(�; zm)�� ��	�1 �n: : : = s sss �s�s�1 �n zmz1: : :... ...The p-fun
tion depends on the operator O(x).pOn (�; z) is a polynomial in expf�zjg (j = 1; : : : ;m).The following 
onditions guaranty the properties (i) { (v) of the form fa
tors.18



\The bootstrap" program. Integrable QFT in 1+1 dim.a) pOn (�; z) symmetri
 with respe
t to the �'s and the z's.b) pOn (: : : ; �n + 2�i; z) = �On pOn (�; z)
) pOn (�1 = �n + i�; ~�; �n; ~z; zm = �n) = pOn�2(~�; ~z) + ~p(1)(�)pOn (�1 = �n + i�; ~�; �n; ~z; zm = �1) = �O1 pOn�2(~�; ~z) + ~p(2)(�)d) pOn (� + �; z + �) = es� pOn (�; z)Remark: the number of integrations m depends on the 
harge of the operator q = n�2m.Examples: for the sine-Gordon alias massive Thirring-model.Operators and their p-fun
tions (up to normalizations)O(x)$ pOn (�; z)The fundamental Fermi �eld (q = n� 2m = 1) (x)$ exp�0� mXj=1 zj � 12 nXi=1 �i1AThe fundamental breather �eld (q = n� 2m = 0)'(x)$ 1P e�P e�� �X e��iX ezj +X e�iX e�zj�The 
urrent j� =  
� (x) 
� (x)$ �1P e��i �X e��iX ezj +X e�iX e�zj�The energy momentum tensor (with �; � = +;�)T ��(x)$ � P e��iP e���i �X e��iX ezj �X e�iX e�zj�The 1-many 
onserved 
urrentsJ�L $ nXi=1 e��i mXj=1 eLzj (L = �1;�3; : : : )The higher 
harges ful�ll the eigenvalue equation Z dxJ0L(x)� nXi=1 �p+i �L! j p1; : : : ; pniin = 0 :19



H. Babujian and M. KarowskiFeynman graph expansion:Example: 4-parti
le form fa
tor of the '-�eld
���� ?AAA AAK ���I�������� ���/ 
�

p1 p2 p3 p4 ���	 6 ���R� ���� ��� SSSSSS SSSo

�

p1 p2 p3 p4(Coleman 75): �����' = �2��  
� h 0 j' (0)j p1 ; p2; p3; p4 iin�ss�ss = 2�ig� sinh 12�13 sinh 12�24 sinh 12(�12 + �34)Qi<j 
osh 12�ij +O(g2)agrees with the exa
t formula.Breather form fa
tors[11℄ and Babujian and Karowski (in preparation):The general soliton formula + fusion (iv) )fOn (�1; : : : ; �n) = KOn (�) Y1�i<j�nFbb(�ij) ;where KOn (�) = 1Xl1=0 � � � 1Xln=0(�1)P liYi<j �1 + (li � lj) i sin��sinh �ij� pOn (�; z)with zi = �i � i�2 (1 + (2li � 1)�). Fbb(�) ful�lls Watson's equationsFbb(�) = Fbb(��)Sbb(�) = Fbb(2�i� �)with the 2-breather S-matrix Sbb(�) = sinh � + i sin��sinh � � i sin�� :The p-fun
tion pOn (�; z) again depends on the operator.5 Some resultsBabujian and Karowski [11℄ 20



\The bootstrap" program. Integrable QFT in 1+1 dim.The quantum sine-Gordon equation�'(t; x) + �� : sin�' : (t; x) = 0 :The \bare" mass p� is related to the renormalized mass by� = m2 ��sin�� ; �� = �2=(8� � �2)� ;where m is the physi
al mass of the fundamental boson. The fa
tor ��sin�� modi�es the 
lassi
alequation and has to be 
onsidered as a quantum 
orre
tion. For �xed bare mass square � and� ! 1; 2; 3; : : : the physi
al mass goes to zero. At these values of the 
oupling the model isrelated to Baxter's RSOS-models whi
h 
orrespond to minimal 
onformal models with 
entral
harge 
 = 1� 6=(�(� + 1)).The tra
e of the energy momentum tensorT ��(t; x) = �2 ��2 �1� �28�� (: 
os �' : (t; x)� 1)is the anomalous dimension of 
os�'.Again this operator equation is modi�ed by a quantum 
orre
tion (1� �2=8�). Obviouslyfor �xed bare mass square � and �2 ! 8� the model will be 
onformal invariant whi
h isrelated to a Berezinski-Kosterlitz-Thouless phase transition.The operator equations are equations of all their matrix elements.Referen
es[1℄ A.B. Zamolod
hikov, JETP Lett. 25 (1977) 468.[2℄ M. Karowski, H.J. Thun, T.T. Truong and P. Weisz, Phys. Lett. B67 (1977) 321.[3℄ M. Karowski and H.J. Thun, Nu
l. Phys. B130 (1977) 295.[4℄ A.B. Zamolod
hikov and Al.B. Zamolod
hikov, Ann. Phys. 120 (1979) 253.[5℄ M. Karowski, Nu
l. Phys. B153 (1979) 244.[6℄ M. Karowski and P. Weisz, Nu
l. Phys. B139 (1978) 445.[7℄ B. Berg, M. Karowski and P. Weisz, Phys. Rev. D19 (1979) 2477.[8℄ F.A. Smirnov, Form-fa
tors in 
ompletely integrable models of quantum �eld theory (WorldS
ienti�
, 1992).[9℄ A. Fring, G. Mussardo and P. Simonetti, Nu
l. Phys. B393 (1993) 413.[10℄ H. Babujian, A. Fring, M. Karowski and A. Zapletal, Nu
l. Phys. B538 (1999) 535{586.[11℄ H. Babujian and M. Karowski, Phys. Lett. B411 (1999) 53{57.[12℄ T. Quella, Diploma thesis (FU-Berlin, 1999).[13℄ H. Babujian and M. Karowski, hep-th/0102209 (2001); hep-th/0105178 (2001).21



Pro
eedings of the workshopLow dimensional integrable models and their appli
ations in �eld theory and statisti
al physi
s(LAPTH, Anne
y, May 2001)
O�-shell de
omposition of SO(N) and SP (2N)Yang-Mills �eldsT.A. BolokhovSteklov Mathemati
s InstituteFontanka 27, St.Petersburg, 191011, RussiaAbstra
tWe extend the de
omposition of Yang{Mills �eld introdu
ed by Faddeev and Niemi tothe 
ase of sp(2N) and so(N) algebras.1 Introdu
tionL. Faddeev and A. Niemi proposed in [1℄ a new de
omposition of the SU(N) Yang{Mills �eld:A� = Ci� hi + �Xi Xi + �Yij Yij + �Zij Zij + ~�Xi X i + ~�Yij Y ij + ~�Zij Zij ; (1)where hi is the basis of the Cartan subalgebra, su
h thathihj = � 12N Æij + dijkhk; dijk { fully symmetri
 ;and X;Y;Z are built with the help of the Maurer{Cartan one{formR = dg g�1 ; g 2 SU(N)=U(1)N�1in the following way:Xi = Rhi � hiRYij = i(hiRhj � hjRhi) antisymmetri
Zij = hiRhj + hjRhi � hihjR�Rhjhi symmetri
:The bar over X;Y;Z in (1) denotes 
omplex 
onjugation, whi
h for the algebra su(N) isequivalent to the minus transposition operation (�T ).The algebra su(N) has the dimension d = N2�1 and the rank r = N�1; the 
orrespondingYang-Mills �eld has 3d = 3N2 � 3 times ffun
tion over Minkowski spa
eg degrees of freedom.One 
an 
ount the number of parameters in (1) and 
he
k that it is exa
tly 3N2 � 3, i.e., A�is an o�-shell Yang-Mills �eld in a 
ertain gauge.Below we will extend the de
omposition (1) to the 
ase of sp(2N) and so(N) algebras. Itmay be appropriate for investigating the stru
ture of the theory in the infrared limit, sin
e theemerging variables 
an be 
onsidered as the relevant order parameters. Another approa
h togeneralization of (1) is given in [2℄.22 This work was partially supported by the INTAS proje
t 99-01459



Off-shell de
omposition of SO(N) and SP (2N) Yang-Mills fields2 sp(2N) algebraLet us start our generalization with the 
ase of the sp(2N) algebra. In the de�ning represen-tation, its elements obey the 
ondition�0 �II 0 �AT � 0 I�I 0� = �A: (2)We 
hoose the basis of the Cartan subalgebra in the usual way:hi = diag (0; : : : ; 0; 1; 0; : : : ; 0;�1; 0; : : : ; 0) ; i = 1; : : : N;and introdu
e additional matri
espi = h2i su
h that pipi = pi = pTi :Now, sin
e the dimension of sp(2N) is almost two times bigger than that of the algebra su(N+1)(that has the same rank), we have to introdu
e more one{forms:Zij = hiRhj + hjRhi symmetri
 i 6= jWij = piRpj + pjRpi symmetri
 i 6= jYij = hiRpj � pjRhiUi = Zii �Wii:It 
an be proven that these one{forms are linearly independent and belong to sp(2N), i.e., obeythe de�ning 
ondition (2).To double the number of independent one{forms, it is possible to use the minus transpositionagain. But now it is equivalent to the matrix � 0 I�I 0 � rather than to 
omplex 
onjugation.The de
omposition of sp(2N) Yang-Mills �eld now takes the form:A� = Ci� hi + �Zij Zij + �Wij Wij + �Yij Yij + �Ui Ui + ~�Zij Y �Tij + : : : : (3)This expression has the following number of the degrees of freedom: C� yields 3r, R yields(d� r), �Z;W yield 1=2r(r � 1), �U yields r and �Y yields r2. For the algebra sp(2N) we haver = N ; d = 2N2 +N :Hen
e the number of parameters in the de
omposition (3) is3N + 2N2 + 2(1=2N(N � 1) + 1=2N(N � 1) +N +N2) = 3N + 2N2 + 4N2 = 3d ;whi
h is exa
tly the number of the degrees of freedom for the sp(2N) o�-shell Yang-Mills �eld.3 so(N) algebrasThe de�ning representation of so(2N), so(2N + 1) is des
ribed by the 
ondition:AT = �A;whi
h means that the operation �T a
ts trivially on A� and 
annot produ
e additional one-forms in order to build o�-shell Yang-Mills �eld. But we 
an �nd another 
onjugation operation23



T.A. Bolokhovthat works for so algebra by �xing its a
tion on the Cartan subalgebra (it will be a 
hange of thesign, as for su(N)) and assuming that it is asso
iative with respe
t to the matrix multipli
ation.From these two 
onditions one 
an derive that the 
onjugation should a
t on the element A��of the matrix one{form A in a very simple way:A�� ! (�1)��A��or it 
an be realized as an inner isomorphism produ
ed by the matrixJ = diag (1;�1; 1;�1; : : :) :As the basis of the Cartan subalgebra, we take the following matri
es:
hi =

0BBBBBBBBBBBBB�
0 00 . . . . . .. . . 0 �11 0 . . .. . . . . . . . .. . . . . . 00 0

1CCCCCCCCCCCCCA ; i = 1; : : : N:
We introdu
e again the matri
espi = h2i su
h that pTi = pi = �pipi:The set of one{forms now depends on whether the algebra in question is so(2N) or so(2N +1).The �rst three formsZij = hiRhj + hjRhi symmetri
 i 6= jWij = piRpj + pjRpi symmetri
 i 6= jYij = hiRpj � pjRhi i 6= jwork for both 
ases, while for so(2N + 1) two more formsXi = Rhi � hiRVi = Rpi + piR� 2piRpishould be employed.The resulting de
omposition looks as followsA� = Ci� hi + �Zij Zij + �Wij Wij + �Yij Yij + ��Xi Xi + �Vi Vi + ~�Xi J Xi J++~�Vi J Vi J�+ ~�Zij J Z�Tij J + ~�Wij J W�Tij J + ~�Yij J Y �Tij J ; (4)where the terms in the bra
kets are present only for the so(2N + 1) 
ase. Counting thenumber of independent parameters gives us 3d for both series of algebras, whi
h implies thatthe de
omposition (4) is o�{shell 
omplete.Referen
es[1℄ L.D. Faddeev and A. Niemi, Phys. Lett. B464 (1999) 90; ibid. B449 (1999) 214.[2℄ W. Su, hep-th/0008093 (2000); hep-th/0009161 (2000).24



Pro
eedings of the workshopLow dimensional integrable models and their appli
ations in �eld theory and statisti
al physi
s(LAPTH, Anne
y, May 2001)
Thermodynami
 Bethe ansatz and exoti
 statisti
sA.G. BytskoSteklov Mathemati
s InstituteFontanka 27, St.Petersburg, 191011, RussiaAbstra
tWe derive and investigate the thermodynami
 Bethe ansatz equations for a system ofrelativisti
 parti
les obeying a general extensive statisti
s. The 
onformal limit of su
h asystem is studied. As a parti
ular example, we 
onsider the Gentile intermediate statisti
s.1 TBALet us 
onsider a relativisti
 multi-parti
le system of l di�erent spe
ies of parti
les 
on�ned toa �nite region of the size L. We denote by na the number of parti
les and by Na the dimensionof the Fo
k-spa
e related to the spe
ies a. In the thermodynami
 limit Na and L approa
hin�nity but na=L remain �nite. The des
ription of this limit is based on the thermodynami
Bethe ansatz (TBA) [1℄. For the fra
tion of parti
les with rapidities between � � ��=2 and� +��=2 it is 
onvenient to introdu
e densities�Na = �a(�)�� L ; �na = �ra(�)�� L : (1)The total energy of the system is given byE [�r ℄ = L lXa=1 Z 1�1 d� �ra(�)ma 
osh � : (2)In order to �nd the equilibrium state of the system, we minimize the free energy F [�; �r ℄ =E [�r ℄� TS [�; �r ℄ with respe
t to �r at 
onstant temperature T :ÆFÆ�ra = ÆEÆ�ra � T ÆSÆ�ra � T lXb=1 ÆSÆ�b Æ�bÆ�ra = 0 : (3)Assuming that the s
attering of parti
les in the system is fa
torizable and diagonal, the bound-ary 
onditions readexp(iLmi sinh �i) NYj 6=i Sij(�i � �j) = �i ; i = 1; : : : ; N ; (4)where the exa
t values of the 
onstant phases �i are irrelevant for our purposes. Taking thelogarithmi
 derivative of (4) and employing densities as in (1), we obtainma 
osh � + 2� lXb=1 �'ab � �rb�(�) = 2� �a(�) ; (5)where 'ab(�) = �i��(lnSab(�)) and (u � v)(�) � 1=(2�) R d�0u(� � �0)v(�0).This work was partially supported by the INTAS proje
t 99-01459 25



A.G. Bytsko2 Haldane-Wu statisti
sIn order to pro
eed with deriving the TBA, we need to spe
ify the ex
lusion statisti
s whi
hgoverns the behaviour of parti
les in the system. Sin
e we want to dis
uss an exoti
 statisti
s,we re
all in this se
tion the derivation [2℄ of the TBA for the Haldane-Wu statisti
s.A generalization of the Pauli ex
lusion prin
iple suggested by Haldane in [3℄ looks as follows�Da�nb = �gab ; (6)where D is the number of available states (holes) before the n-th parti
le has been added tothe system. The parameter (a matrix) gab is 
alled the statisti
al intera
tion. Eq. (6) providesa motivation to 
onsider a system of parti
les obeying the so-
alled Haldane-Wu statisti
s. Forsu
h a system, the total dimension of the Hilbert spa
e is postulated [4℄ to beŴg(N;n) = (N + (1� g)n+ g � 1)!n! (N � gn+ g � 1)! : (7)This formula leads, with the help of the Stirling formula, to the following expression for theentropy S = kL lXa=1 1Z�1 d� "(�a �Xb gab�rb) ln��a + �ra �Pb gab�rb�a �Pb gab�rb �+�ra ln��a + �ra �Pb gab�rb�rb �� : (8)Substituting (2), (5) and (8) into (3) and using the variablesya(�) = �(�)�Pb gab�rb(�)�ra(�) ;we obtain the TBA equations [2℄:1kT ma 
osh � = ln(1 + ya(�)) + lXb=1 ��ab � ln(1 + y�1b )�(�) ; (9)where �ab(�) = 'ab(�) � 2�gabÆ(�). Substituting this ba
k into the expression for the freeenergy and introdu
ing 
(T ) = �6F (T )�LT 2 , we obtain the �nite-size s
aling fun
tion. As usual weuse a variable r = 1=T and set the Boltzmann 
onstant to be one. Then the �nite-size s
alingfun
tion a
quires the form
g(r) = lXa=1 6mar�2 Z 10 d� 
osh � ln(1 + y�1a (�)) : (10)In the small r limit the s
aling fun
tion 
(r) be
omes the e�e
tive 
entral 
harge of a
onformal �eld theory whi
h des
ribes the ultraviolet limit of a given massive model. That is,limr!0 
(r) = 
e� = 
�24hmin, where 
 is the 
onformal anomaly and h0 is the lowest 
onformalweight in the 
orresponding 
onformal �eld theory.26



Thermodynami
 Bethe ansatz and exoti
 statisti
sIn the ultraviolet limit Eq. (9) a
quire the form of the so-
alled 
onstant TBA equations:ln(1 + ya) = lXb=1(Nab + gab) ln(1 + y�1a ) ; (11)whereas (10) yields [2℄ the value of the e�e
tive 
entral 
harge
e�g = 6�2 lXa=1L� 11 + ya� : (12)Here Nab = � 12� Z 1�1 d�'ab(�)and L(t) denotes the Rogers dilogarithm:L(t) =Xk�1 tkk2 + 12 ln t ln(1� t) :3 Generalized extensive statisti
sNow we want to implement a generalized extensive ex
lusion statisti
s into the thermodynami
Bethe ansatz. Our exposition is based on [5℄.Let W (N;n) denote the total dimension of the Hilbert spa
e for a system of n indistin-guishable parti
les that 
an o

upy N di�erent states in the Fo
k-spa
e. Then the statisti
s is
alled extensive if there exists a generating fun
tion for the dimensions W (N;n), i.e.�f(t)�N =Xk�0W (N; k) tk : (13)An example is provided by the Gentile statisti
s [6℄ wherefG(t) = 1 + t+ t2 + : : :+ tG :Consider a general system that possesses the extensivity property (13) withf(t) = dXk=0Pktk : (14)We assume the following properties of (14):a) positivity: P0 = 1 and Pk � 0 for k � 1;b) 
onvergen
e: the series (14) 
onverges for 0 � jzj < R � 1;
) non-degenera
y: there exists no integer p > 1 su
h that f(t) =Pk Ppktpk.This leads to the following possible types of f(t):I: d <1; R =1II: d =1; R =1IIIa: d =1; 1 < R <1IIIb: d =1; 0 < R � 1 :27



A.G. BytskoFor instan
e, the Gentile statisti
s belongs to the type I; the Boltzmann statisti
s with f = etbelongs to the type II; the bosoni
 statisti
s, f = 11�t , belongs to the type IIIb.It is worth remarking that we 
an repla
e the positivity property witha') weak positivity: the �rst negative 
oeÆ
ient in the expansion of (f(t))N appears onlyat suÆ
iently large power n0 (of order O(N)).This is exa
tly the 
ase of the Haldane-Wu statisti
s with statisti
al intera
tion g, wheren0 � N=g. For instan
e, for g = 1=2, we havef(t) = 1 + t22 + tp1 + t2=4 = 1 + t+ t22 + t38 � t5128 + : : :whi
h 
orresponds to n0 = 2N + 3.In order to �nd the entropy of the system, S = k lnW (N;n), in the thermodynami
 limit(N !1 and n=N is �xed), we express W (N;n) as the following 
ontour integralW (N;n) = 12�i Ijzj=� dz �f(z)�Nz�n�1 = 12�i Ijzj=� dzz eN(ln f(z)�� ln z) : (15)The saddle point of the exponent in (15), denote it x, is found as the root of the equation(prime stands for a derivative) x f 0(t)jt=x = �f(x) : (16)Now, an appli
ation of the saddle point method yields the asymptoti
s of (15),W (N;�N) = expfN(ln f(x)� � lnx)gp2�Nh�(x) �1x +O( 1N )� ; (17)where h�(t) = f 00(t)�f(t) + 1��t2 . Note that, a

ording to the Hadamard theorem, h�(x) > 0 if f(t)satis�es the positivity 
ondition. Eq. (17) gives the entropy density:s(�) = limN!1 1N lnW (N;�N) = ln f(x)� � lnx : (18)Let us list some properties of the entropy density:a) s(�) is de�ned for 0 � � � d;b) P0 = 1 implies that s(0) = 0;
) �x� = x�h�(x) > 0 for x > 0 and ��s(�) = � lnx imply that �2�s(�) < 0;d) s(d) = lnPd for type I; s(1) =1 for type IIIb; s(1) = �1 for types II and IIIa.The last property shows that dealing with the types II and IIIa may be problemati
. How-ever, let us noti
e that in the TBA framework the variable x depends on the rapidity �. Thetypi
al pi
ture is that x(�) falls o� as j�j grows (for instan
e, x(�) = expf�mr 
osh �g for thetrivial S-matrix). In this 
ase x(�) < x(0) and we 
an 
onsider f(t) of the types II and IIIa ifs(�) remains non-negative for � � �(x(0)).The total entropy is given byS[�; �r ℄ = kL lXa=1 1Z�1 d� �a(�)s(�a) : (19)28



Thermodynami
 Bethe ansatz and exoti
 statisti
sWith the help of (16), we �ndÆSÆ�ra = � lnxa(�) ; ÆSÆ�a = ln fa�xa(�)� : (20)Substituting this into (3) and employing (5), we obtain the TBA equations for a generalizedextensive statisti
s, 1kT ma 
osh � = � lnxa(�) + lXb=1 �'ab � ln fb(xb)�(�) : (21)The 
orresponding �nite-size s
aling fun
tion reads
(r) = lXa=1 6mar�2 Z 10 d� 
osh � ln fa(xa(�)) :Now we are interested in the small r limit of the s
aling fun
tion 
(r). Assume that'ab(�)='ab(��) and that 'ab(�) falls o� suÆ
iently fast as � ! 1. Then in the ultra-violetlimit we obtain [5℄ 
e� = 6�2 lXa=1 
a ; (22)
a = �12 lnxa ln fa(xa) + Z xa0 dtt ln fa(t) ; (23)where xa � xa(� = 0) are determined from the 
onstant TBA:lnxa = � lXb=1Nab ln fb(xb) ; a = 1; : : : ; l : (24)Here, as before, Nab = � 12� Z 1�1 d�'ab(�) :Noti
e that Eq. (23) implies that 
a(0) = 0. Moreover, taking a derivative of (23) and using(16), we �nd �xa
a = s��a(xa)�2xa : (25)Thus, 
a(xa) is positive and stri
tly in
reasing fun
tion. Furthermore, if all Nab � 0, then ithas the upper bound 
a � Z 10 dtt ln fa(t) :For the Gentile statisti
s (if the order G is the same for all spe
ies) Eq. (23) a
quires thefollowing form 
a = L (xa)� 1G+ 1L �xG+1a � : (26)Introdu
ing the pseudo-energies, �a = � lnxa, we 
an rewrite (26) in the form that re
oversthe well-known values for the bosoni
 and fermioni
 statisti
s,
a = L(e��a) ; (27)
a = L(e��a)� 12L(e�2�a) = L( 11 + e�a ) ; (28)29



A.G. Bytskofor G =1 and G = 1, respe
tively. In the latter 
ase we used the the Abel identity:L(t)� 12L(t2) = L( t1 + t) :Finally, let us 
onsider the simplest example with S(�) = �1 (the Ising model) or withS(�) = 1 (the Klein-Gordon model). In both 
ases equation (21) is solved trivially, x(�) =expf�rm 
osh �g. Then for the Gentile statisti
s we 
an 
ompute the entire s
aling fun
tion:
G(r) = 6rm�2 1Xk=1 1k�K1(krm)�K1((G+ 1)krm)� : (29)Observe that 
G(r) = 
b(r)� 1G+1
b((G+ 1)r) :where 
b(r) is the bosoni
 s
aling fun
tion. This formula shows, in parti
ular, that the e�e
tive
entral 
harge 
orresponding to (29) is 
e�G = GG+ 1 :It is worth noti
ing that this 
e�G 
an be identi�ed for every positive integer G as the e�e
tive
entral 
harge of a minimal 
onformal model M(s; t) (su
h that st = 6(G+ 1)).Referen
es[1℄ C.N. Yang and C.P. Yang, Phys. Rev. 147 (1966) 303;Al.B. Zamolod
hikov, Nu
l. Phys. B342 (1990) 695;T.R. Klassen and E. Melzer, Nu
l. Phys. B338 (1990) 485.[2℄ A.G. Bytsko and A. Fring, Nu
l. Phys. B532 (1998) 588.[3℄ F.D.M. Haldane, Phys. Rev. Lett. 67 (1991) 937.[4℄ Y.S. Wu, Phys. Rev. Lett. 73 (1994) 922.[5℄ A.G. Bytsko, Nu
l. Phys. B604 (2001) 455.[6℄ G. Gentile, Nuovo Cimento 17 (1940) 493.
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BCS model of super
ondu
tivityand the algebrai
 Bethe ansatzJ. von Delft a and R. Poghossian a;ba Physikalis
hes Institut der Universit�at Bonn,Nu�allee 12, D{53115 Bonn, GermanybYerevan Physi
s InstituteAlikhanian br. 2, 375036 Yerevan, ArmeniaAbstra
tThis talk is based on the work [1℄. It is shown that Ri
hardson's exa
t solution ofthe dis
rete-state BCS (DBCS) model of super
ondu
tivity 
an be re
overed as a spe
ial
ase of algebrai
 Bethe ansatz solution of the inhomogeneous six-vertex model with twistedboundary 
ondition using Sklyanin's K-matrix 
onstru
tion and taking the quasi
lassi
allimit.1 The DBCS modelThe DBCS model that is 
ommonly used (see [3, 4℄ for re
ent reviews) to des
ribe super
on-du
ting pairing 
orrelations in nanos
ale metalli
 grains is de�ned as follows: one 
onsiders aredu
ed BCS Hamiltonian,H = Xj;�=� "j
yj�
j� � gXjj0 
yj+
yj�
j0�
j0+ ; (1)for ele
trons in a set of pairs of time-reversed single-parti
le states jj;�i with energies "j, whi
hare s
attered pairwise from level j0 to j, with intera
tion strength g. Ri
hardson managed tosolve this model exa
tly, for an arbitrary set of levels "j (degenerate levels are allowed, butare to be distinguished by distin
t j-labels, i.e., they have "i = "j for i 6= j): Sin
e anylevel o

upied by only a single ele
tron does not parti
ipate in and remains \blo
ked" to thepair-s
attering des
ribed by H, the labels of all su
h single-o

upied levels are good quantumnumbers. The eigenstates j�i and 
orresponding eigenenergies E� of H thus have the followinggeneral form: j�i = Yi2B 
yi�i j	P i ; E� = EP +Xi2B "i : (2)Here B is the set of singly-o

upied, blo
ked levels, and j P i is an eigenstate, with eigenvalueEP and 
ontaining pre
isely P pairs of ele
trons, of a Hamiltonian HU whi
h has pre
isely thesame form as the H of Eq. (1), ex
ept that now the j-sums are restri
ted to run only overthe set U of all unblo
ked or non-singly-o

upied levels. It is now 
onvenient to introdu
e thepseudospin variablesSzj = 12 �1� 
yj+
j+ � 
yj�
j�� ; S+j = 
j�
j+ ; S�j = 
yj+
yj� ; (3)whi
h satisfy the standard SU(2) relations[S+i ; S�j ℄ = 2 Æij Szj ; [Szi ; S�j ℄ = � Æij S�j ; (4)This work was partially supported by the INTAS proje
t 99-01459 31



J. von Delft and R. Poghossianand in terms of whi
h HU takes the formHU = UXj 2"j(1=2� Szj ) � gXij S�i S+j : (5)Ri
hardson [5℄ has shown that the P -pair eigenstates (unnormalized) and eigenenergies havethe general form j	P i = PYl=1 S�(�l)j0i ; with S�(�l) = UXi S�i2"i � �l ; (6)EP = PXl=1 �l : (7)Here the P parameters �l (l = 1; : : : ; P ) are a solution of a set of P 
oupled algebrai
 equations,whi
h we shall 
all the \Ri
hardson equations",1g � UXi 12"i � �l + PXl0=1l0 6=l 2�l0 � �l = 0 ; for l = 1; : : : ; P : (8)These are to be solved (numeri
ally, see Appendix B of [4℄) subje
t to the restri
tions �l0 6= �lif l0 6= l. A simple proof of this result may be found in Appendix B of [4℄; its strategy is toverify that (HU � EP )j	P i = 0 by simply 
ommuting HU to the very right past all of the S�loperators in (6).2 The quasi
lassi
al limit of \twisted" inhomogeneous XXZmodel and DBSCIn this se
tion we show that taking the quasi
lassi
al limit of the inhomogeneous 6-vertex withspe
ially twisted boundary 
onditions one exa
tly re
overs above des
ribed DBSC model in the
ase of rational Boltzmann weights. It appears[1℄ that in the 
ase of trigonometri
 Boltzmannweights one arrives at a more general 
lass of models re
ently dis
ussed in the 
ontext ofsuper
ondu
tivity in small grains[2℄.The R-matrix of XXZ model 
an be written asRmi = Im 
 Ii + tanh �tanh(�m � 2"i)�zm 
 �zi + 2 sinh �sinh(�m � 2"i) ��+m 
 ��i + ��m 
 �+i � ; (9)where � is the so 
alled quasi
lassi
ality parameter, �m is the spe
tral parameter asso
iated tothe m's row and "i is the inhomogeneity parameter 
orresponding to the i's verti
al line. Weintrodu
e also Sklyanin's k-matrix a
ting on the horizontal spa
es as follows:K = I+ �g�z: (10)The transfer matrix of the model, whi
h is the tra
e of the monodromy matrix over the hori-zontal (auxiliary) spa
e as usual is de�ned by:T(�m) � TrmfKmRmN : : :Rm1g: (11)32



BCS model of super
ondu
tivity and the algebrai
 Bethe ansatzIn the quasi
lassi
al limit � ! 0 we have:T(�m) = 2I+ 4g�2P(�m) +O(�3); (12)whereP(�) = 12 NXi=1 �zitanh(�� 2"i)+g NXi;ji<j  �zi�zj2 tanh(�� 2"i) tanh(�� 2"j) + �+i ��j + ��i �+jsinh(�� 2"i) sinh(�� 2"j)! : (13)Due to the 
ommutativity of transfer matri
es for di�erent spe
tral parameters, we have�P(�);P(�0)� = 0: (14)P(�) 
an be viewed as the generating operator for all possible 
onserved operators of the model.A 
onvenient way of obtaining a 
omplete set of 
ommuting 
onserved operators, is to takethe residues of P(�) at the points � = 2"i for i = 1 : : : N ,Hi = Res[P(�);�! 2"i℄ = ICi d�2�iP(�) ; (15)where Ci is a small 
ontour in the 
omplex �-plane, en
ir
ling the point 2"i. Expli
itly evalu-ating the residues for the present model, one obtainsHi = �zi2 + g NXj=1j 6=i  �zi�zj2 tanh(2"i � 2"j) + �+i ��j + ��i �+jsinh(2"i � 2"j) ! : (16)Then Eq. (14) immediately implies that all of these operators 
ommute: [Hi;Hj℄ = 0. Now it isstraightforward to re
over the DBCS model and Ri
hardson's solution thereof, by 
onsideringthe rational 
ase of XXZ model, whi
h te
hni
ally means that in all above formulae one shouldsimply repla
e tanhx! x; sinhx! x: (17)It is not diÆ
ult to see, that the DBSC Hamiltonian (6) 
an be expressed in terms of Hi asfollows: HU = NXi=1 (g � 2"i)Hi + g NXi=1Hi!2 + NXi=1 �"i � 3g4 � (18)The usual ABA te
hni
 of �nding eigenstates and eigenvalues of (18) reprodu
es Ri
hardson'ssolution of DBSC model des
ribed in Se
tion 1.3 SummaryOur work fully 
lari�es the origin of the integrability of the DBCS model by expli
itly 
on-stru
ting an integrable twisted 6-vertex model from whi
h the DBSC model 
an be derived.Moreover, by this 
onstru
tion we pave the way for using the powerful algebrai
 Bethe ansatzma
hinery to 
al
ulate various quantities that have not yet been studied for the DBCS model.For example, there has re
ently been great progress in using the ABA to 
al
ulate matrix el-ements (or form fa
tors) and 
orrelation fun
tions in vertex models, whi
h, by building uponour work, 
ould now fruitfully be applied to the DBCS model, too.33



J. von Delft and R. PoghossianReferen
es[1℄ J. von Delft and R. Poghossian, 
ond-mat/0106405 (2001).[2℄ D.C. Ralph, C.T. Bla
k and M. Tinkham, Phys. Rev. Lett. 76 (1996) 688; ibid. 78 (1997)4087.[3℄ J. von Delft, Annalen der Phys. (Leipzig) 10 (2001) 219.[4℄ J. von Delft and D. C. Ralph, Phys. Rep. 345 (2001) 61.[5℄ R.W. Ri
hardson, J. Math. Phys. 18 (1977) 1802 [
ontains a 
omplete set of referen
es on thesubje
t, starting from R.W. Ri
hardson, Phys. Lett. 3 (1963) 277℄.
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An overview on the phase diagramof the frustrated two-leg ladder modelT. Hakobyan a, J.H. Hetherington b and M. Roger ba Yerevan Physi
s InstituteAlikhanian br. 2, 375036 Yerevan, Armeniab Servi
e de Physique de l'Etat Condens�e, Commissariat �a l'Energie Atomique,Centre d'Etudes de Sa
lay,91191 Gif sur Yvette Cedex, Fran
eAbstra
tUsing Density-Matrix Renormalization Group, we investigate the general phase diagramof the frustrated two-leg ladder with Heisenberg intera
tions along legs, rungs and diagonals.We 
on�rm that all antiferromagneti
 gapped states belong to the same universality 
lassas the Haldane phase. In a three-dimensional phase-diagram, we determine a 
ontinuoussurfa
e with singularities in the string-order parameter or its �rst derivative, 
orrespondingto a transition between two Haldane phases with di�erent topologi
al order. Some parts ofthis transition surfa
e are 
riti
al with zero gap and vanishing string-order parameter. Inthe 
omplementary parts, the transition is �rst order with �nite gap and string order.This talk is based on the re
ent authors arti
le [1℄.1 Introdu
tionN -legged spin ladders are formed by assembling N spin-12 
hains one next to the other.Many weakly-
oupled ladder systems have now been synthesized. Among them, the fam-ily Srn�1Cun+1O2n 
onsists in weakly 
oupled 12(n + 1)-legged ladders whi
h are obtainedfrom the CuO2 planes of the parent 
ompound SrCuO2. After the suggestion that me
h-anisms similar to those o

urring in the CuO2 planes of 
uprate 
erami
s may also lead tosuper
ondu
tivity[2℄, an intense theoreti
al and experimental a
tivity has been developed onthese systems. The doped spin-ladder 
ompound Sr14�xCaxCu24O41 is super
ondu
ting upto 10 K under pressure. Some theoreti
al tools whi
h are spe
i�
 to one-dimensional systemsmake the theoreti
al understanding of ladders easier than that of the CuO2 planes respon-sible for the high-temperature super
ondu
tivity in 
uprate 
erami
s. It is believed that theme
hanisms leading to super
ondu
tivity are similar in both systems and the understandingof spin ladders should give some insight in the physi
s of the more 
omplex two-dimensionalsuper
ondu
ting systems.A �rst step in the theoreti
al understanding of these systems is the study of un-dopedladders in whi
h the spin intera
tions are of Heisenberg type. The exa
t solution of the spin-12Heisenberg 
hain has been known for seventy years from the Bethe ansatz[3℄. The quantum
u
tuations prevent long-range antiferromagneti
 order, there is no gap in the ex
itation spe
-trum and spin-spin 
orrelations de
ay in power law as a fun
tion of the distan
e. However, the
rossover from ladders to the square latti
e, by in
reasing the number of 
oupled 
hains, is farfrom being smooth. While ladders with an odd number of legs exhibit properties similar to thoseof a single 
hain, i.e. gapless ex
itations and a power-law fall-o� of spin-spin 
orrelations, lad-ders with an even number of legs have a �nite energy gap to the lowest spin-1 ex
itation and ex-ponential de
ay of spin-spin 
orrelations. These remarkable quantum properties are reminis
entThis work was partially supported by the INTAS proje
t 99-01459 35
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Figure 1: Frustrated-ladder models: (a) The \Zig-Zag 
hain". (b) Frustrated ladder with equal diago-nal intera
tions. (
) The more general model studiedin this paper

of those, �rst 
onje
tured by Haldane[4℄, 
on-
erning the spin-n2 Heisenberg 
hain with,respe
tively, n odd and n even. Therefore,a natural question arises: how are the lad-der phases related to the phases in the spin
hain? For the two-leg ladder, this questionhas been partly answered by White[5℄. He
onsidered a two-leg ladder with additionalintera
tion along one diagonal of ea
h pla-quette [Fig. 1 (a)℄ and showed by varying thisintera
tion that there is a 
ontinuous pathfrom the Haldane to the ladder phase whi
hdoes not 
ross any phase boundary or 
riti
alpoints. Some 
ontroversial arguments werepublished re
ently by Wang[6℄. He 
onsid-ered a ladder with additional equal intera
-tions along both diagonals of ea
h plaquette[Fig. 1 (b)℄. Using Density-Matrix Renor-malization Group (DMRG) 
al
ulations[7℄he proved the existen
e of a �rst-order tran-sition line and suggested the o

urren
e of aphase-transition from the Haldane-phase toa gapped singlet phase with di�erent sensi-tivity with respe
t to boundary 
onditions.It is therefore interesting to study thegeneral \frustrated two-leg ladder model"[Fig. 1 (
)℄, in
luding two di�erent diagonalintera
tions in the plaquettes, whi
h 
ontainsboth previous works as parti
ular 
ases andto draw a general phase diagram. We thus 
onsider the following Hamiltonian:H = 2 LXi=1 [ Jk(Si � Si+2 + S2i�1 � S2i+1) ++J?S2i�1 � S2i + JX1S2i � S2i+1 + JX2S2i�1 � S2i+2 ℄ (1)(L is the ladder length and the number of spins is N = 2L) and propose a general three-dimensional phase diagram for this model. There is an obvious symmetry of this Hamiltonianby ex
hanging JX1 and JX2 and it is more 
onvenient to use:S = JX1 + JX2 and D = JX1 � JX2as parameters. We 
hoose the following energy s
aling:j2Jkj+ jJ?j+ jSj+ jDj = 1 : (2)Due to the symmetry, it is suÆ
ient to 
onsider D > 0. We 
hoose as independent variablesx = 2Jk, y = S, z = J? and D is given by the previous relation. The variables fx; y; zg obey:jxj+ jyj+ jzj < 1 and are thus 
ontained in the regular o
tahedron represented in Fig. 2.36
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Figure 2: The regular o
tahedron ins
ribed ina sphere of radius 1, representing the parameter-spa
e of our Hamiltonian [Eq. (1)℄ with the en-ergy s
aling of Eq. (3). Some remarkable pointswith their fx; y; zg 
oordinates are listed: the spin-12 Heisenberg antiferromagneti
 (X,Y,L) or ferro-magneti
 (X',Y',L') 
hain, produ
ts of independentdimers (A,Z) or triplet pairs (A',Z'), the usual ladder(AX and ZX segments) et
... The \Zig-Zag" 
hainrepresented in Fig. 1 (a) 
orresponds to the surfa
e ofthe irregular o
tahedron (AA',XX',ZZ'). In the grayvolume, all intera
tions are negative (ferromagneti
).

Using density{matrix renormalizationgroup (DMRG), 
onformal �eld theory andsome exa
t analyti
al results, we draw tran-sition surfa
es separating various phases andidentify their 
riti
al parts.Due to the time restri
tion, in this talkonly the region, where all parameters x; y; zare positive, is 
onsidered. The general 
ase,whi
h in
orporates the 8 regions with di�er-ent signs of the parameters, is presented inour arti
le in Phys. Rev. B [1℄.2 Identi�
ation of di�erentphases of the phase-diagram:Eviden
e for two topologi
allydistin
t spin-1 Haldane phasesThe points Z' (all intera
tions null, ex
eptJ? = �1) and A' (all intera
tions null ex-
ept JX2 = �1=2) represent independentpairs of spins 1/2 
oupled ferromagneti
allyalong rungs and along plaquette diagonals re-spe
tively. The 3L degenerate ground-stateis identi
al to that of L independent spins-1: ~Si = (S2i + S2i�1) at Z' and ~Si =(S2i + S2i�3) at A'. In the neighborhood ofboth points, degenerate perturbation theoryis relevant as far as the other 
oupling param-eters are mu
h smaller than the gap betweenthe 3L degenerate ground-state and the �rstex
ited state (i.e. << 1). The split 3L low-est levels 
an be mapped onto the states of a
hain of L intera
ting spins-1 with e�e
tiveHamiltonian (at �rst order in the 
ouplingparameters):Heff = 2Jk + JX1 + JX22 LXi=1 ~Si � ~Si+1 (3)in the neighborhood of point Z' andHeff = 2Jk + J?2 LXi=1 ~Si � ~Si+1+ JX12 LXi=1 ~Si � ~Si+2 (4)in the neighborhood of point A'. 37
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Figure 3: S
hemati
 view of a typi
al 
omponentof the VBS state des
ribed by Eq. 8. (a) Thedashed links represent Valen
e-Bonds between two�
tive neighboring spins- 12 . (b) Sequen
e of spin-1Sz values 
orresponding to (a): the non-zero spinsare in a N�eel order (-1,1,-1,1,....)

The Hamiltonian (4) for (2Jk + JX1 +JX2) > 0 and the Hamiltonian (5) for 2Jk >0 and JX1 = 0 (JX1 = 0 is satis�ed in theplanes A'XZ, A'XZ', A'X'Z) represent thespin-1 Haldane 
hain. For JX1 = 0 bothspin-1 Hamiltonians (4) and (5) are formallyidenti
al. However, they represent di�erenttopologi
al 
on�gurations of the original lad-der: the spin-1 operators ~Si represent theproje
tion on the triplet state of the sum of apair of spins-12 along one rung in Hamiltonian(4) and along one diagonal of a plaquette inHamiltonian (5).The most important breakthrough for theunderstanding of the antiferromagneti
 spin-1 Heisenberg 
hain has been the dis
overyby A�e
k-Kennedy-Lieb-Tasaki (AKLT)[8℄of an exa
tly soluble Hamiltonian di�eringfrom the Heisenberg model only by additionto the Hamiltonian of a biquadrati
 term:HAKLT =Xi �~Si � ~Si+1 + 13(~Si � ~Si+1)2� (5)Its exa
t ground-state 
alled \Valen
e-Bond Solid" (VBS) is 
onstru
ted out of valen
ebonds[9℄, it is nondegenerate and breaks no symmetry. It 
an be represented as shown inFig. 3 (a).� The spin-1 variables are expressed as a sum of two spin-12 variables� Let  �;� denote a spin-1 state in terms of the symmetrized spin-12 variables: ++ = j++ >; +� =  �+ = (j+� > +j �+ >)=p2 (6) �� = j � � > :� Ea
h spin-12 is 
ontra
ted with one spin-12 at a neighbor site into a singlet state: a\valen
e bond". Contra
tion of two spin-12 variables into a singlet state 
an be writtenas ���j�� > =p2, where ��;� represents the antisymmetri
 tensor: �++ = ��� = 0 and�+� = ���+ = 1� The 
ontra
tions are su
h that every spin-1 is 
onne
ted to both its neighbors by a valen
ebond and the VBS state 
an be written:j	V BS >= 2�N=2 �1�1��1�2 �2�2��2�3 � � � �i�i��i�i+1 � � � �L�L��L�1 (7)The VBS state, used as variational state for the Heisenberg spin-1 
hain, gives an upperbound of the energy whi
h is only a few per
ent higher than the best approximates throughDMRG and is thought to 
apture the essentials of the physi
s of the this model. The VBSstate has some \hidden" topologi
al long-range order[10℄.38



An overview on the phase diagram of the frustrated two-leg ladder modelIt is easy to see that ea
h term of the sum in the previous relation has Szi sequen
es orderedin a way shown s
hemati
ally in Fig. 3 (b). If we dis
ard the sites with Szi = 0, the remainingSzi = �1 sites have N�eel order: j1;�1; 1;�1; 1;�1; � � � >. This topologi
al order is 
hara
terizedby the non-lo
al \string-order parameter":Oz(jm� lj) = * ~Szl exp i� k=m�1Xk=l+1 ~Szk! ~Szm+ (8)A normalized string-order parameter:~Oz(d) = �Oz(d)< ( ~Sz)2 >2 (9)has been later introdu
ed by White[7℄. Its value for d!1 is 1 for the VBS state and 0.84 forthe Heisenberg spin-1 
hain.From the previous dis
ussion about the neighborhoods of points Z' and A' in the phasediagram, it is natural to introdu
e two string-order parameters:� O?(d) obtained with ~Szi = (Sz2i + Sz2i�1) in Eq. 9, with triplet pairs of spins along rungs� OX(d) obtained with ~Szi = (Sz2i + Sz2i�3) in Eq. 9, with triplet pairs of spins along onediagonal of ea
h plaquetteThese two topologi
ally distin
t Haldane phases, that we now 
all HD? and HDX , 
hara
ter-ized respe
tively by the string-order parameters O? and OX have been introdu
ed in a re
entwork by Kim et al.[11℄, with slightly di�erent notations. They are depi
ted in Fig. 4. Using�eld-theoreti
al methods, Kim et al. have found eviden
es for some transition lines betweenthese two Haldane phases around some parti
ular points of the phase diagram 
orrespondingto two-de
oupled Heisenberg 
hains (see se
tions IV and V).With JX1 stri
tly positive, the full Hamiltonian (5) represents the \frustrated" antiferro-magneti
 Heisenberg S=1 
hain, with intera
tions J1 = (2Jk + J?)=4 and J2 = JX1=4 between�rst and se
ond neighbors. This model has been studied by Kolezhuk et al.[12℄ They �nd asharp dis
ontinuity in the string-order parameter OX at J2=J1 � 0:7444, suggesting a �rst-order transition. The signi�
an
e of this �rst-order transition will appear in se
tion V, whenpla
ed in the framework of the general phase-diagram.3 DMRG with suitable boundary 
onditionsOur purpose is to determine transition lines or surfa
es separating di�erent phases, in parti
ularthe two topologi
ally distin
t Haldane phases HD? and HDX de�ned in se
tion II. We usethe Density-Matrix Renormalization Group (DMRG) method with open boundary 
onditionswhi
h gives mu
h more a

urate results than with periodi
 boundary 
onditions[7℄. However,a well-known in
onvenien
e for the Haldane spin-1 
hain with open boundary 
onditions is thefour-fold degenera
y of the ground-state. This degenera
y is easily understood through thedes
ription in Fig. 3 (a) and Eq. (8) of the VBS state, whi
h is thought to 
apture the essentialof the physi
s of the Haldane 
hain. In Fig. 3 (a), with open boundary 
onditions, there aretwo spin-12 at ea
h end of the 
hain whi
h are not 
ontra
ted through a valen
e bond to anyother half-spin. The intera
tion between these extra half-spins fall o� exponentially with Land in the long-
hain limit, there is a four-fold degenera
y of the ground-state due to thesetwo free spins. 39
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Figure 4: The XYZ fa
e with equal diagonal inter-a
tions and all J 's positive. The symmetry axis ZB
orresponds to the \
omposite spin" model with a �rst-order transition from the Haldane HD? phase to thedimer HDX phase at H . The dashed lines are exa
t�rst order transition lines between the HD? andHDXphase in the neighborhoods of X and Y (two indepen-dent spin- 12 
hains) obtained through �eld-theoreti
almethods). The dots are our �rst order transition pointsobtained through DMRG. They are 
ompared to ear-lier results of Wang (
rosses). The behavior of nearest-neighbor pair 
orrelations, gap and string-order pa-rameter along the lines ZB and ZW 
orresponding toJk = JX1 + JX2 are shown in Fig. 9

In their DMRG treatment of the spin-1 
hain, White and Huse remove this in-
onvenient degenera
y by adding at ea
hend an extra spin-12 whi
h forms a sin-glet with half of the last spin-1 in the
hain[13℄. When applying DMRG to thefrustrated ladder problem, the adaptationof this tri
k is straightforward and alreadybuilt in the ladder topology. In the HDXphase, we use the boundary 
onditionsshown in Fig. 5 (a) whi
h are generally
hosen in treating the ladder problem[6℄.In the HD? phase, we use other bound-ary 
onditions shown in Fig. 5 (b). If theground state is viewed as a VBS state, ineither 
ase Figs. 5 (a) and (b) show thatthere is no \free spin" (\free" means notlinked to any another spin with a \valen
ebond") at either end. Consequently, theground-state is non degenerate in the long
hain limit. In either 
ase our DMRG algo-rithm for growing the 
hain length pro
eedsby adding one rung to ea
h of the right andleft Blo
ks as shown in Fig. 5. What dif-fers is the shape of the initial Blo
k: it isa re
tangle in 
ase (a) for the HDX phaseand a trapezo��d in 
ase (b) for the HD?phase.Using the same algorithm for anypoint of the phase-diagram (most previousDMRG studies on ladders have pro
eededin su
h a way[6℄) generally leads to numer-i
al diÆ
ulties when 
rossing the phase-boundary. Suppose that we start from a point in the HDX phase with the suitable algorithm[Fig. 5 (a)℄ and follow a path to the HD? phase, at the transition to the HD? phase, theground-state, whi
h was non-degenerate be
omes four-fold degenerate and we need to keep amu
h larger number of states to obtain a reasonable approximation of the transition point. Todetermine numeri
ally many transition points in a three-dimensional phase diagram, we need a\
heap" algorithm for 
al
ulating a transition point with a reasonable a

ura
y in a minimumof 
omputer time.Our algorithm uses the fa
t that at a phase transition, there are some singularities in the�rst or se
ond derivatives of the energy. There is a dis
ontinuity in the �rst derivative if thetransition is �rst order. Here, if the transition is se
ond order the se
ond derivative is generallyin�nite at the 
riti
al point. We thus pro
eed as follows:� We 
hoose a path P0P 00 going from the HDX phase (P0) to the HD? phase (P 00) andparameterized by the variable u. Using the algorithm depi
ted in Fig. 5 (a), we 
al
ulateat P0 the energy and its �rst and se
ond derivatives. The �rst derivative of the energy,40



An overview on the phase diagram of the frustrated two-leg ladder modelwith respe
t to x = 2Jk, y = S and z = J? is obtained by 
al
ulating the 
orrelations:Ck =< 1 + 4Si � Si+2 > =2 ; C? =< 1 + 4S2i�1 � S2i > =2 ;CX1 =< 1 + 4S2i � S2i+1 > =2 ; CX2 =< 1 + 4S2i�1 � S2i+2 > =2 : (10)The derivative of the energy �E0=�u along the path is obtained from the pre
eding
orrelations. The se
ond derivative �2E0=�u2 is obtained numeri
ally through the same
al
ulation with an in�nitesimal variation on u (
hosen at the square root of the numeri
alpre
ision). An approximate se
ond order polynomial expression of the energy near P0 isdedu
ed: E = E0 + s�E0=�s+ (s2=2)�2E0=�s2 (11)� Using the other algorithm depi
ted in Fig. 5 (b), a polynomial approximation of theenergy around P 00 is obtained in the same way.� A �rst approximation PC0 of the 
riti
al point is given by the interse
tion of both poly-nomials.� A new starting point P1 is 
hosen half way between P0 and PC0 , a new end point P 01 is
hosen half way between PC0 and P 00 and the pro
ess is reiterated.An a

ura
y of 4 to 5 digits is generally obtained for the 
riti
al point after 8 to 10 iterations.We keep 30 to 60 states and use 
hain length L � 50. Some a

ura
y tests we be given inse
tion V.4 The phase-diagram in [+;+;+℄ se
tor, with Jk, J? and S pos-itiveThe boundary fa
e XYZThe boundary fa
e XYZ, with equal antiferromagneti
 diagonal intera
tions JX1 = JX2 = JX[Fig. 1 (b)℄, has been studied by Wang[6℄. There is an obvious symmetry whi
h ex
hangesJk and JX by twisting every other rung by an angle � around the axis of the ladder. ZB isa symmetry line. It is thus suÆ
ient to study the half triangle XBZ. From the re
ent �eld-theoreti
al results of Kim et al.[11℄, near X, whi
h represents two de
oupled spin-12 
hains,there is a �rst order transition between the two Haldane phases HDX and HD? along theline J? = S. From the previous paragraph there is a �rst order transition between the samephases along the symmetry axe ZB at H. Using the DMRG algorithm des
ribed in se
tion III,we have 
al
ulated the full transition line from X to H. It is show in Fig. 8. It is in goodagreement with earlier results obtained by Wang[6℄. However, in 
ontrast to the 
on
lusions ofWang, our results show that all along this line we have a �rst-order transition with �nite gapfrom the HDX to the HD? Haldane phase, in agreement with theoreti
al-�eld results[11℄.As pointed out in se
tion III, in 
ontrast to our algorithm whi
h uses di�erent boundary
onditions on either side of the transition line to avoid the degenera
y of the ground state,Wang has used everywhere the DMRG algorithm with boundary 
onditions 
orresponding toFig. 5 (a). As he observed, below the transition line, the ground state is degenerate and it isnondegenerate above this line. However, his 
on
lusion suggesting a transition from a Haldanephase to a \Dimer" phase with di�erent properties 
on
erning the behavior with respe
t toboundary 
onditions is in
orre
t. If we use everywhere the DMRG algorithm with the other41
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Figure 5: First order transition between Haldanephases with di�erent topologi
al order. (a) Pair 
or-relation C? along ZW (
rosses) and ZB (full line);pair 
orrelation CX1 along ZW (
ir
les) and ZB(dashed line). (b) Gap along ZW (
rosses) and ZB(full line). (
) String order parameter ~OX along ZW(
rosses) and ZB (full line); string order parameter~O? along ZW (
ir
les) and ZB (dashed line).

boundary 
ondition 
orresponding to Fig. 5 (b),we �nd a degenerate ground state above thetransition line and a non-degenerate groundstate below! The 
orre
t interpretation is, aspreviously stressed, the transition betweentwo topologi
ally distin
t Haldane phases.Typi
al sets of 
urves showing the dis
onti-nuities in the �rst-neighbor pair 
orrelations[Eq. (11)℄, gap and string-order parametersalong the dotted line ZW in Fig. 8 
orre-sponding to Jk = JX1 + JX2 and along thesymmetry line ZB are shown in Fig. 9.The OYZ planeThe OYZ (Jk = 0) plane 
orresponds to 
ou-pled dimerized 
hains. In this plane (Fig. 10)the point L 
orresponds to a simple antiferro-magneti
 Heisenberg 
hain and Y representstwo de
oupled Heisenberg 
hains. Strong ar-guments have been given for the existen
eof a 
riti
al line joining L to Y[17, 18℄ anda simple analyti
 approximation of this linehas also been 
onje
tured[18℄.With our nontrivial energy s
aling[Eq. (3)℄, it 
orresponds to the real root ofthe third-order equation:J3?�S(1�J?)2�S3+2S2(1�J?) = 0 (12)We have determined through DMRG thetransition between the two Haldane phasesin this plane (see Fig. 10). From X to L, thetransition line follows approximately the an-alyti
 form previously proposed but stronglydi�er beyond L. The 
riti
al line extends be-yond L up to a point T1 that we have de-termined through the same method as thatused for the \Zig-Zag" model (
f. se
tionIV). From T1 to 
, the transition is �rst or-der with �nite gap.The transition surfa
eWe have exhibited four transition lines, be-tween the two Haldane phases with di�erenttopologi
al order, in four di�erent planes ofthe phase diagram: XAZ, XYZ, OBZ, OYZ.We expe
t that all four lines belong to a same42
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Figure 6: The transition line between the two Hal-dane phases with di�erent topologi
al order in theJk = 0 plane. L represents a simple spin- 12 antifer-romagneti
 Heisenberg 
hain and Y two de
oupled
hains. The heavy line YLT1 is 
riti
al with zerogap. On T1L (dotted line), the transition is �rst or-der. The dash-dotted line is a simple approximationto the 
riti
al line.

transition surfa
e. Using the DMRG algo-rithm des
ribed in se
tion III, we have inves-tigated this transition surfa
e over a �ne gridin the fx,yg plane. As a good 
ompromise,we kept 30 to 60 states in the DMRG s
hemeand 
hose a 0:02 � 0:02 fx,yg grid.The results are shown in Fig. 11.The 
uts of this surfa
e through the planesXALZ, OBHZ, XYZ and OYZ have alreadybeen represented in Figs. 6, 7, 8 and10 respe
tively. The straight line joiningL (simple antiferromagneti
 spin-12 Heisen-berg 
hain) to X (two de
oupled Heisenberg
hains) is a symmetry line in the AXZ plane(
f. se
tion IV) and lies in the transitionsurfa
e. We used it for an a

ura
y test onour DMRG algorithm. For the points of ourfx,yg grid whi
h lie on the proje
tion of thisline in the XOY plane, we have plotted inFig. 12 the di�eren
e jzDMRG
 � zExa
t
 j be-tween the approximate 
oordinate zDMRG
 ofthe surfa
e obtained through DMRG and theexa
t value zExa
t
 
orresponding to LX.Ex
ept in the neighborhood of X: two de-
oupled spin-12 Heisenberg 
hains, where amu
h larger number of states � 302 shouldbe retained in the DMRG s
heme to obtainpre
ise results, we obtain an a

ura
y whi
his better than three to four digits on z
. The a

ura
y is the best (7 digits) near the Majumdar-Gosh point G. It de
reases drasti
ally to 3 � 2 digits 
lose to X (two de
oupled Heisenberg
hains) and is of about 5 digits near L, in the 
riti
al regime.Field-theoreti
al results[11℄ prove that in both planes XYZ and XALZ the transition line,near X, is �rst order and 
orrespond to S = J?. In agreement with these exa
t results, ournumeri
al data indi
ate that the transition surfa
e is tangent at X to the plane S = J?.Knowing this transition surfa
e, we now determine whi
h part of it is 
riti
al, with zerogap. We already know two interse
ting 
riti
al lines LT1 and YLT. We expe
t that they lie in asame 
riti
al part of the surfa
e whi
h is limited by a line of tri
riti
al points (\tri
riti
al line")passing through T and T1. To determine this tri
riti
al line, we 
hoose the same methods asthese previously used for the \Zig-Zag 
hain" model[14, 15℄ (see se
tion IV).It is proved from �eld theory that, when umklapp intera
tions be
ome relevant variables,simultaneously the spe
trum develops a gap between the S=0 ground state and the �rst ex
itedS=1 states and also the degenera
y of the �rst S=0 ex
ited state and lowest S=1 state is split.Hen
e in the thermodynami
al limit, the di�eren
e Æ between the energies of these two lowestex
ited states is zero at the 
riti
al value for ex
hange parameters where the gap vanishes. Asa simple illustration, let us 
onsider the 
urved line 
LY (Figs. 10 and 11) 
orresponding tothe 
ut of the transition surfa
e through the OYZ plane.43
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Figure 7: The transition surfa
e separating thetwo gapped Haldane phases with di�erent topo-logi
al order in the [+,+,+℄ se
tor. Ea
h point ofthe grid has been obtained through DMRG, keep-ing 30 states. The dark part of the surfa
e is 
rit-i
al with vanishing gap and string-order param-eters. The 
lear part 
orresponds to a �rst-ordertransition with �nite gap and degenerate groundstate. The white line whi
h separates both partsof the surfa
e thus appears as a tri
riti
al line.The 
uts of the surfa
e through the planes XALZ,OBHZ, XYZ, and OYZ have been represented inFigs. 6, 7, 8 and 10 respe
tively. The straight lineLTGX, joining L (one simple Heisenberg 
hain)to X (two de
oupled Heisenberg 
hains) lies inthe surfa
e. The Majumdar-Ghosh point G 
or-responds to the interse
tion of this line with theOBHZ plane. Near X, our DMRG results are 
on-sistent with the exa
t result obtained from �eldtheory (see text), i.e. the transition surfa
e istangent to the plane J? = S = JX1 + JX2.
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Figure 8: A test of a

ura
y of our DMRGs
heme, with only 30 states kept, along the ex-a
t transition line LX. The a

ura
y is best(7 digits) near the Majumdar-Ghosh point G.It de
reases drasti
ally to 3 to 2 digits 
loseto X (two de
oupled Heisenberg 
hains) andalso de
reases when moving to L in the 
riti-
al regime as the se
ond-order transition be
omessofter.
Figure 9: Criti
al value of S = JX1 + JX2 forwhi
h the di�eren
e Æ between the two lowest ex-
ited states vanishes, as a fun
tion of 1/N, for�nite 
hains with periodi
 boundary 
onditions.We follow the transition line 
LY determinedthrough DMRG in the OYZ plane (Fig. 10).A quadrati
 extrapolation gives (JX1 + JX2)
 �0:152 in the thermodynami
 limit, �xing the po-sition of T1 on the transition line.

44



An overview on the phase diagram of the frustrated two-leg ladder modelMoving along this 
urve, we use Lan
z�os diagonalization on �nite systems of length L =N=2, with periodi
 boundary 
onditions, to 
al
ulate the value S
(N) of the parameter S =JX1 + JX2 at whi
h Æ vanishes.
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0

2e−05

4e−05

6e−05

8e−05

Figure 10: Mean square deviation with respe
t to a1=N3 law of the di�eren
e between the two �rst ex-
ited levels of a �nite ladder with periodi
 boundary
onditions. We follow the 
ut of the transition surfa
ethrough the plane 2Jk = 0 determined through DMRG.

The results are represented in Fig. 13as a fun
tion of 1=N . A quadrati
 extrap-olation gives S
(N ! 1) � 0:152 in thethermodynami
 limit.A mu
h better a

ura
y (six digits) onthe position of T on LX, for the \Zig-Zag 
hain" model has been obtained re-
ently by Eggert[15℄. He used the �eld-theoreti
al result that, on LX at the 
rit-i
al point T, the marginal operator van-ishes and the energy di�eren
e Æ(N) be-tween the two �rst ex
ited levels is ex-a
tly proportional to 1=N3. Although wehave not been able to generalize this �eld-theoreti
al result for every point on thetri
riti
al line, we have found numeri
allythat ex
ept in the vi
inity of the boundaryplane XYZ, this 1=N3 law works remark-ably well for a large part of the tri
riti
alline. And we have used it to improve oura

ura
y.Figure 14 illustrates around the 
riti-
al value S = 0:152 found by the previous method (Fig. 13) the mean square deviation of Æ(N)with respe
t to a 1=N3 law, when we follow the transition line determined through DMRGin the OYZ plane. The results are based on Lan
z�os diagonalizations on �nite systems withN=16, 20 and 24 sites. The 
riti
al value thus obtained S = 0:15201 is improved up to �vedigits. This 
orresponds to the a

ura
y on the position of the transition line obtained throughDMRG (see Fig. 12).Taking su

essive 
uts of the transition surfa
e through di�erent verti
al planes at Jk = Cst:or S = Cst: and using the same methods, we have determined the whole tri
riti
al line T1TYrepresenting the boundary of the 
riti
al part of the transition surfa
e (heavy white line in Fig.11). Near Y, this line is 
lose to the boundary of the surfa
e of transition in the XYZ plane.We do know however that it does not interse
t it: exa
t �eld-theoreti
al results[11℄ prove thatin the XYZ plane the transition is �rst order near Y.5 Con
lusionWe have presented an overall view on the three-dimensional phase diagram of the frustratedtwo-leg ladder model. This model 
ontains, as parti
ular 
ases, the spin-1 Heisenberg 
hain with�rst and se
ond nearest-neighbor intera
tions, the spin-12 \Zig-Zag 
hain" with dimerizationand frustration, the usual ladder and a variety of previously studied ladder models that wehave brie
y reviewed.Only three di�erent phases o

ur: the ferromagneti
 phase (whi
h is 
onsidered in our basearti
le [1℄) and two gapped Haldane phases with di�erent symmetry and di�erent long-rangetopologi
al order. In a three dimensional phase diagram, these three phases are separated45
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Figure 11: The transition surfa
e between thetwo Haldane phases with di�erent topologi
alorder in the [�;+;+℄ se
tor. The dark part ofthe surfa
e 
orresponds to the zero-gap 
riti
alpart. All points of the mesh are DMRG re-sults. Our DMRG result are not a

urate inthe vi
inity of ferromagneti
 (X') or antiferro-magneti
 (Y) de
oupled 
hains. The grey ar-eas are simple extrapolations. The 
riti
al partof the surfa
e is bounded through the tri
riti-
al T1T'1 white line. On T1T'1
 the transitionis �rst order with two degenerate ground-statesand �nite gap. The 
ut by the plane ALZX'
orresponds to the \Zig-Zag 
hain" model (
f.Fig. 6 in se
tion IV). The straight line LX' liesin the 
riti
al surfa
e.
through transition surfa
es. Some parts of the transition surfa
e separating the two gappedHaldane phases are 
riti
al with vanishing gap and string-order parameters; the 
omplementaryparts 
orresponds to a �rst order transition with �nite gap and two degenerate S=0 ground-states. In the two dimensional plane 
uts of the three-dimensional phase-diagram whi
h 
orre-spond to the \Zig-Zag 
hain model", there is a one to one mapping of these two Haldane phasesthrough a simple symmetry whi
h ex
hanges rung and diagonal intera
tions. Consequently,although the topology of these two Haldane phases di�er, the 
riti
al behavior 
on
erning theirthermodynami
 properties near the 
riti
al surfa
e are the same and they belong to the same
lass of universality.Most 
al
ulations were performed on the Cray T3E from CEA-Grenoble. Numeri
al data
on
erning the transition surfa
es are available upon request (from roger�dre
am.sa
lay.
ea.fr).Referen
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Pro
eedings of the workshopLow dimensional integrable models and their appli
ations in �eld theory and statisti
al physi
s(LAPTH, Anne
y, May 2001)
Rakovi�
-Chu integrable systems in 
onformal variablesI.V. KomarovDepartment of Mathemati
al and Computational Physi
sInstitute of Physi
s, St.Petersburg UniversitySt.Petersburg, 198904 RussiaAbstra
tThe study of integrable systems by Rakovi�
 and Chu related to the hydrogen atomin 
rossed ele
tri
 and magneti
 �eld is 
ontinued. As the most suitable lo
al variablesin phase spa
e the 15 generators of SO(4,2) dynami
al group of the Kepler problem aretaken. Three integrals of motion are expressed in 
onformal variables and appeared tobe polynomials of 3d or 4th order in the new variables. Limiting 
ases and possible Laxmatri
es are dis
ussed.1 Introdu
tionConsiderable progress in the theory of 
lassi
al and quantum dynami
al integrable systemsa
hieved in last thirty years may be mainly attributed to the inverse problem of integrability.Namely we start from some general s
heme like the Lax representation or R-matrix algebrawhi
h at some stage generates an integrable system. The s
heme gives not only 
onstants ofmotion but also indi
ates a way how to integrate 
lassi
al equations of motion or to �nd thespe
trum of quantum integrals of motion. A
tually this approa
h 
an be treated as developingC.Ja
obi's idea from his le
tures of 1842 to generate integrable systems from sophisti
ated setsof separated variables [1℄ (pp. 198{199):\Die Haupts
hwierigkeit bei der Integration gegebener Di�erentialglei
hungen s
heint in der Ein-f�uhrung der ri
htigen Variablen zu bestehen, zu deren AuÆndung es keine allgemeine Regel gibt. Manmuss daher das umgekehrte Verfahren eins
hlagen und na
h erlangter Kenntniss einer merkw�urdigenSubstitution die Probleme aufsu
hen, bei wel
hen dieselbe mit Gl�u
k zu brau
hen ist."At the same time when we got a Hamiltonian appeared from physi
s it is not 
lear whetherthe system is integrable or not. If we are lu
ky to prove that our system is integrable, the dire
tproblem of integrability arises. We should �nd the way how to deal with the given system, i.e. tointegrate its 
lassi
al equations of motion or to �nd the spe
tra of its quantum integrals. Verylittle is known about the dire
t problem. A
tually we solve it by 
he
king slightly modi�edtrial sets of known integrable systems, i.e. by doing again inverse problem of integrability. Ifusing spe
i�
 features of our system we have managed to in
orporate it into one of the knowns
hemes, we may swit
h on powerful ma
hinery of the inverse problem of integrability. Sothe 
ru
ial point is to �nd relation of the given system with the known s
hemes generatingintegrable systems.Below we study an integrable system appeared from physi
s and rewrite it in new lo
al
oordinates on the same phase manifold in su
h a way that the Hamiltonian be
omes a poly-nomial in generators of o(4; 2) Lie algebra. Lax matri
es related with o(p; q) algebras were
onsidered by Reyman and Semenov-Tian-Shansky [2℄. We hope that their s
heme after somemodi�
ation will be helpful to �nd the Lax representation in our 
ase.48 This work was partially supported by the INTAS proje
t 99-01459



Rakovi�
-Chu integrable systems in 
onformal variablesRe
ently Rakovi�
 and Chu [3℄ have shown that the three-dimensional dynami
al systemwith the Hamiltonian fun
tion:H(�) = 12p2 � Zr � !l3 + fx1 + !218 (r2 + (�2 � 1)x23) (1)is integrable in 
lassi
al me
hani
s at � = 1; 2. Here li stands for 
omponents of angularmomentum. If we take the 
oeÆ
ient of os
illator 1=16 instead of 1=18 and put � = 0, theHamiltonian (1) be
omes nonintegrable and will des
ribe the hydrogen atom in 
rossed ele
tri
and magneti
 �elds.Rakovi�
 and Chu studied in detail phase manifold of the system (1) at � = 1; 2 and dis
ussedits appli
ation to the hydrogen atom in 
ir
ularly polarized mi
rowave �eld [3℄, [4℄, [6℄.Two additional independent integrals of motion read:� = 1: I(1) = 43!l3(H� fx1) + 29!2(l21 + l22 + 4l23) + f(l2p3 � l3p2 + Zx1r )+f22 (r2 � x21) + 13!f(3x1l3 � p2r2 + x3l1)� 19!2fx1r2; (2)J (1) = !2(l21 + l22)(H� fx1) + 23!3l3(l21 + l22) + 98f2l21 � 32!fl1(l1p2 � l2p1 + Zx3r )+12!2fx3(l2rp� 2l1l3) + 16!3fl1x3r2 + 34!f2x1x3l1 + 18!2f2x23r2; (3)� = 2: I(2) = 43!l3(H� fx1) + 89!2l23 + f(l2p3 � l3p2 + Zx1r )+f22 (r2 � x21) + 13!f(3x1l3 � p2r2 + x3l1)� 19!2fx1(r2 + x23); (4)J (2) = !(l1p2 � l2p1 + Zx3r ) + 19!3x3(x21 + x22)� 32fl1 � 12!fx1x3: (5)Proportional to !2 term in the Hamiltonian (1) 
orresponds to an axially symmetri
isotropi
 os
illator at � = 1 or Fermi os
illator with frequen
ies related as !1 : !2 : !3 = 1 : 1 : 2at � = 2. Fermi os
illator is a degenerated system. It admits separation of variables both inCartesian and paraboli
 
oordinates. Be
ause additional integrals of motion are of the thirdand forth order in momenta, spatial separation of variables (SoV) doesn't work in this 
ase.The Hamiltonians of dynami
al systems (1) depend on parameter Z and 
an be written asH(�) = H(�)0 � ZV , where V = 1=r. At the level of �xed energy H(�) = E we arrive at the
urve P (Z;E) = H(�)0 � ZV �E = 0: (6)This 
urve 
an be treated in two dual ways:� E is a value of the Hamiltonian H(�) and Z is a free parameter� Z is a value of new Hamiltonian Z(�) and E is a free parameterIn our 
ase for V = 1=r Z(�) is de�ned byZ(�) = r(H(�)0 �E): (7)49



I.V. KomarovIn quantum me
hani
s it 
orresponds to well known Sturmian transformation and we will
ontinue to use this name in 
lassi
al me
hani
s.To get Sturmian 
ounterparts of the integrals of motion one should substitute Z by Z(�) in(2), (3), (4), (5). It is easy to 
he
k that transformed quantities will mutually Poisson 
ommute(see also [8℄).For perturbed Kepler problem one may introdu
e o(4; 2) variables [9℄, [10℄, [11℄ that allowto express Sturmian Hamiltonian Z(�) as a polynomial in term of its generators and hen
e toregularize equations of motions.Let us introdu
e 15 generators L�� = �L�� of 
onformal algebra o(4; 2) obeying the fol-lowing Poisson bra
ketsfL�� ; L
Æg = �(Æ�
g
�L�Æ + Æ�ÆgÆ�L�
 + Æ�
g
�LÆ� + Æ�ÆgÆ�L
�);�; �; 
; Æ; � = 1; 2; : : : ; 6 (8)with diagonal metri
s g�� = (1; 1; 1; 1;�1;�1). Following (for instan
e, [9℄) one 
an take theirrealization in terms of 
oordinates and momenta of the Kepler problem in quantum 
aseLij = xipj � xjpi = "ijklk; (9)Li4 = 12(xip2 � 2xppi � xi); (10)Li5 = 12(xip2 � 2xppi + xi); (11)L45 = xp; (12)L46 = 12(rp2 � r); (13)Li6 = rpi; (14)L56 = 12(rp2 + r); (15)where i; j = 1; 2; 3. Then the generators L�� satisfy the well known identitiesL�
g
�L�� + L�
g
�L�� = 2Æ�� ; (16)"����
Æg�� g
�L��L�Æ = 0; (17)whi
h �x the representation of o(4; 2) up to parity.Transition from initial 6 Darboux variables xi and pi to 15 generators L�� of 
onformalalgebra 
onstrained by relations (16), (17) means introdu
tion of new lo
al 
oordinates on thesame phase manifold.In what follows we need some inverse equalities,rp2 = L45 + L56; (18)r = �L46 + L56; (19)xi = �Li4 + Li5: (20)Let us 
onstru
t Z by (7). Using expli
it form of (1), one getsZ = r�12p2 �E � !l3 + fx1 + !218 (r2 + (�2 � 1)x23)� : (21)50



Rakovi�
-Chu integrable systems in 
onformal variablesFirst two items in the RHS of (21) 
an be written asr(12p2 �E) = �e�iL45�L56eiL45�; (22)where parameter of the �nite pseudo rotation depends on energye�� = � = p�2E: (23)Other terms in Z also 
an be expressed as the same similarity transform due tor = 1�e�iL45�reiL45�; (24)ri = 1�e�iL45�rieiL45�; (25)li = e�iL45�lieiL45�: (26)Finally one arrives at the Sturmian 
ounterpart of the initial Hamiltonian (1)1�Z(�)(f; !) = L56 + !�2 (L56 � L46)L12 + f�3 (L56 � L46)(L15 � L14)+ !218�4 (L56 � L46)�(L56 � L46)2 + (�2 � 1)(L35 � L34)2� : (27)As well as in the initial Hamiltonian (1) fa
tors in all summands of new HamiltonianZ(�)(f; !) are Poisson 
ommuting, hen
e the Z(�)(f; !) looks similar both in quantum and
lassi
al 
ases. The RHS of (27) is a 
ubi
 polynomial in generators of o(4; 2) and a quarti
one in parameter 1� (23). The 
orresponding equations of motion are polynomials in 
onformalvariables no higher then the third order. One 
an hope that these equations 
an be rewrittenin the Lax form.Sturmian operator Z(�) is responsible for dynami
s in new time � . It is 
onne
ted to theoriginal S
hr�odinger dynami
s due to well-known relationd�dt = r: (28)Getting ba
k the original time is quite similar to [10℄. Dynami
s 
onjugated to Z(E) will beintegrable.In order to �nd Sturmian 
ounterparts of other integrals of motion one should substitutein (2),(3),(4),(5) the fun
tion Z(E) of phase variables from (21) instead the value of 
harge Z.Dire
t 
omputation prove that the resulting quantities will Poisson 
ommute in initial pi; xkvariables so that dynami
s in new time remains integrable. As well as the 
harge Hamiltonian(21) they 
an also be expressed in 
onformal variables. After tedious but straightforward
al
ulations one arrives at two Sturmian integrable integrals of motion in 
onformal variables� = 1: I1Z = �23L12!�2 � L14f�+ 29(L223 + L231 + 4L212)!2��4(�L14 + L15)L12 + (�L46 + L56)L26 � (�L34 + L35)L23� !f3�+�(�L46 + L56)2 + (�L14 + L15)2)� f22�2 � (�L14 + L15)(�L46 + L56)2 !2f18�3 ; (29)51



I.V. KomarovJ1Z = �12(L223 + L231)!2�2 + 32L23L34 f!�+ 98L223 f2 + 23L12(L223 + L231)!3+((L223 + L231)(L14 � L15) + 12(�L34 + L35)(L31L45 � 2L23L12)+32L23L12(�L34 + L35)) !2f� + 32(�L14 + L15)(�L34 + L35)L23 !f2�2+L23(�L34 + L35)(�L46 + L56)2 !3f12�3 + (�L34 + L35)2(�L46 + L56)2 !2f28�4 (30)� = 2: I2Z = �23L12 !�2 � L14fa+ 89L212 !2�(4(�L14 + L15)L12 + (�L46 + L56)L26 � (�L34 + L35)L23) !f3�+12((�L46 + L56)2 + (�L14 + L15)2) f2�2�(�L14 + L15)(�L46 + L56 + L34 � L35)(�L46 + L56 � L34 + L35) !2f18�3 (31)J2Z = �32L23f � L34 �! � L12(�L34 + L35) !2� + (�L14 + L15)(�L34 + L35) !f2�2+(�L34 + L35)((�L34 + L35)2 + 3(�L46 + L56)2) !318�3 (32)To this end we arrived at two integrable systems (27), (29), (30) at � = 1 and (27), (31),(32) at � = 2 de�ned on the orbits of o(4; 2) 
onstrained by (16), (17). All integrals of motionare polynomials of third or fourth order in terms of generators of 
onformal algebra. Be
ausethere is no pure quadrati
 fun
tions among them, the Reyman-Semenov-Tian-Shansky s
hemedoes not work dire
tly.2 Separation of variables in one �eld limits at f = 0 or ! = 0We analyze the SoV in limiting 
ases both in terms of original xi; pi and o(4; 2) variables.We �rst look at the 
ase of Z = 0, when the Hamiltonian readsH(�)0 = 12p2 � !l3 + fx1 + !218 (r2 + (�2 � 1)x23): (33)We got quadrati
 in 
oordinates and momenta Hamiltonian that is diagonalized by simple
ti
rotation with 
onstant matrix. Finally in bosoni
 
reation annihilation variables the H(�)0 takesdiagonal form H(�)0 = p10!3 (d1dy1 + d2dy2) + !�3 d3dy3 + 9f216w2 : (34)The degenera
y of axially symmetri
 os
illator in 12 plane is removed by swit
hing on pertur-bation, i.e., the Coulomb potential, in su
h way that the resulting system remains integrable.At f = 0 the Hamiltonian readsH(�)(0; !) = 12p2 � 1r � !l3 + !218 (r2 + (�2 � 1)x23): (35)52



Rakovi�
-Chu integrable systems in 
onformal variablesAt � = 1 the system obeys rotational symmetry, its other integrals of motion are redu
ed to l2and l3 and separation of variables take pla
e in polar spheri
al 
oordinates r, � and �.The 
ase � = 2 is slightly less trivial. At f = 0 the se
ond integral of motion drasti
allysimpli�es to I(2)1 = l3; (36)while the third integral of motion readsJ (2)1 = !(l1p2 � l2p1 + x3r ) + 19!3x3(x21 + x22) : (37)The system admits separation of variables in paraboli
 
oordinates� = r + x3; � = r � x3; � = tan�1�x2x1 �: (38)We will do it for the Sturmian 
ounterpart of H(2) taking Z from (27) at zero ele
tri
 �eldf = 0 1�Z(2)(f = 0; !) = 1�Zw(2) == L56 +
(L56 � L46)L12 + 
218 (L56 � L46)�(L56 � L46)2 + 3(L35 � L34)2�; (39)where 
 = !=�2 = !=(�2E). It has a sense to look at this SoV in terms of subalgebrade
ompositions of o(4; 2). At �xed level of L12 = m the modi�ed Hamiltonian Z(2)! dependsonly on generators Q�� = L2+�2+� , �, �=1; 2; 3; 4 of o(2; 2) subalgebra of o(4; 2). The Casimiroperator of o(2; 2) C = �L234 + L235 + L236 + L245 + L246 � L256 = 1� L212 (40)depends on m = e:v:L12 as a result of the identities (16) between the 
onformal generators ininitial representation. Another Casimir operator of o(2; 2) vanishes.Semisimple Lie algebra o(2; 2) admits de
omposition o(2; 2) = su(1; 1) � su(1; 1) with newgenerators si and ti respe
tivelys1 = L36 + L45 ; s2 = L35 � L46 ; s3 = L34 � L56 ; (41)t1 = �L36 + L45 ; t2 = L35 + L46 ; t3 = L34 + L56 : (42)They obey the 
ommutators[si; sj ℄ = �2i�ijkgkrsr ; [ti; tj ℄ = �2i�ijkgkrtr ; (43)with metri
s (1; 1;�1) and the Casimir elements beings21 + s22 � s23 = 1� L212 ; t21 + t22 � t23 = 1� L212 : (44)In terms of si and ti generator L56 is de
omposed as a linear 
ombination of 
ompa
tgenerators L56 = �12(s3 � t3) (45)and we arrive at the redu
ed 
harge on the orbit of su(1; 1)�su(1; 1)1�Z(2)! = 12(t3 � s3) + !2�2L12(s2 � s3 � t2 + t3) + !236�4 (�(�s2 + s3)3 + (�t2 + t3)3) (46)53



I.V. KomarovThe separated integrals of motion now read respe
tively1�Z(2)!s = �12s3 � !2�2L12(�s2 + s3)� !236�4 (�s2 + s3)3 (47)1�Z(2)!t = 12 t3 + !2�2L12(�t2 + t3) + !236�4 (�t2 + t3)3 (48)and relation between their eigenvalues1�Z(2)!s + 1�Z(2)!t = Z� (49)allows us to �nd the eigenenergy E.In the 
ase ! = 0 the Hamiltonian doesn't depend on �. The treatment is very similar tof = 0; � = 2. Integral J is repla
ed by l1 = L23 and the SoV is appeared in another paraboli

oordinates � = r + x1; � = r � x1;  = tan�1�x3x2 �: (50)with Ox1 as a symmetry axis. The 
harge Hamiltonian now doesn't depend on � and reads1�Z(f; ! = 0) = 1�Zf = L56 + f�3 (L56 � L46)(L15 � L14): (51)One 
an repeat the de
omposition o(4; 2) � so(2; 2) = su(1; 1) � su(1; 1) with other 
hoi
eof subalgebras. Subalgebra o(2; 2) is formed by ex
luding the se
ond and the third row and
olumns from matrix L��. It admits de
omposition so(2; 2) = su(1; 1)�su(1; 1) with generatorski and qi respe
tivelyk1 = L16 + L45 ; k2 = L15 � L46 ; k3 = L14 � L56 ; (52)q1 = �L16 + L45 ; q2 = L15 + L46 ; q3 = L14 + L56 : (53)This di�ers from (41), (42) by substitution L1� in si; ti variables by L3�. The bra
kets, valuesof the subalgebras Casimir operators and de�nition of paraboli
 
oordinates are similar to (41),(42) and (44). Finally for the redu
ed 
harge we arrive at1�Zf = �12(k3 � q3) + f4�3 ((�k2 + k3)2 � (q2 � q3)2) (54)with obvious separated operators1�Zf1 = �12k3 + f4�3 (�k2 + k3)2 ; (55)1�Zf2 = 12q3 � f4�3 (�q2 + q3)2 ; (56)Zf = Zf1 + Zf2 : (57)Hen
e at � = 2 initial system generi
ally depends on f and ! in the limits of zero �elds itadmits the SoV 
orresponding to di�erent subalgebra extra
tions from o(4; 2). The separatedequations in limit 
ases of f = 0 or ! = o 
an be naturally treated in the bases of linear
ombinations of the Cartan elementsL12 ; L34 ; L5654



Rakovi�
-Chu integrable systems in 
onformal variablesand L23 ; L14 ; L56 ;respe
tively. Transition between them is provided by the element L13. Its 
ommutators withthe Cartan elements L12; L34 of o(4) subalgebra result in another Cartan elements L23; L14.Similarly, at � = 1, we need to 
onstru
t interpolation between subgroup basis at f = 0L12 ; C(2) = L212 + L223 + L231 ; L56and L23 ; L14 ; L56at ! = 0, respe
tively.The SoV both in spheri
al and paraboli
 
oordinates does not use spe
i�
 value of the
oeÆ
ient 
2=18 in the operator Z! (39).So the problem arises to �nd a kind of interpolation s
heme mat
hing the two limit 
ases. Arather promising idea is to apply Reyman{Semenov-Tian-Shansky [2℄ approa
h to 
onstru
tionof Lax pairs for the dynami
al systems on the orbits of o(p; q) Lie algebras. Their approa
hshould be modi�ed to generate integrals of motion (29), (30), (31), (32). The main feature isthat among the integrals of motion in the Rakovi�
 - Chu 
ase there is no quadrati
 one.Referen
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Boundaries and symmetry breakingin the nonlinear S
hr�odinger hierar
hyM. Mint
hev a, E. Ragou
y b and P. Sorba ba INFN, Dipart. di Fisi
a dell'Univ. di Pisa,Via Buonarroti 2, 56127 Pisa, Italyb LAPTH, Chemin de Bellevue, BP 110,F-74941 Anne
y-le-Vieux 
edex, Fran
eAbstra
tWe des
ribe an algebrai
 framework for studying the symmetry properties of quantumnonlinear S
hr�odinger (NLS) equation on the half line. The approa
h is based on theintrodu
tion of a boundary algebra, in the same way the ZF algebra is essential in thequanti�
ation of the NLS equation on a line.1 Introdu
tionThis note is a summary of the paper [1, 2℄. It uses the results obtained in [3℄, and also [4℄. Wedes
ribe an algebrai
 framework for studying the symmetry properties of quantum nonlinearS
hr�odinger (NLS) equation on the half line. The approa
h is based on the introdu
tion of aboundary algebra, in the same way the ZF algebra is essential in the quanti�
ation of the NLSequation on a line [5, 6℄. It turns out that this algebra both en
odes the boundary 
onditionsand generate integrals of motion. We use this dire
t relationship between boundary 
onditionsand symmetry 
ontent to establish the spontaneous breakdown of some internal symmetries,due to the boundary.The paper is organized as follow: in the �rst se
tion, we present the Non-Linear S
hr�odingerequation in 1+1 dimension without boundary, at 
lassi
al and quantum level. We then studyits ve
torial version, where the 
anoni
al �eld in an N -ve
tor. In parti
ular, we 
onstru
t theYangian symmetry whi
h appears in this 
ase. In se
tion 3, we study the 
ase with boundaries.We 
lassify the possible re
e
tion matri
es, 
onstru
t the boundary 
ondition asso
iated tothese matri
es. Then, we study the symmetry algebra of the models, and show the spontaneoussymmetry breaking indu
ed by the boundary 
ondition.2 The Non Linear S
hr�odinger equation on a lineClassi
ally, one de�nes the Non linear S
hr�odinger (NLS) equation on a line by�i�t + �2x��(x; t) = 2g j�(x; t) j2 �(x; t) ; (2.1)where �(x; t) is a 
omplex �eld. Here and below we will take the 
oupling 
onstant as a positivereal number. This equation 
an be dedu
e from the following a
tionA[�; ��℄ = ZR dtZR dx�i��t�� j �x� j2 � gj� j4 � : (2.2)56 This work was partially supported by the INTAS proje
t 99-01459



Boundaries and symmetry breaking in the nonlinear S
hr�odinger hierar
hyThe solution to (2.1) has been known for a long time [7℄. It takes the form of a series in the
oupling 
onstant:�(x; t) = 1Xn=0(�g)n�(n)(x; t) (2.3)�(n)(x; t) = ZR2n+1 1Yi=1j=0 dpi2� dqj2� ��1 � � � ��n�n � � � �0 ei!n(x;t)Q1i=1(pi � qi�1)(pi � qi) (2.4)!n(x; t) = 1Xi=1(pix� p2i t) + 1Xj=0(qjx� q2j t) (2.5)where ��i = ��(pi) and �j = �(qj), � being an arbitrary 
omplex fun
tion, su
h that the series(2.3) 
onverges (e.g. any S
hwarz test fun
tion).A remarkable fa
t about the above 
lassi
al solution is that it 
an be extended to a quantumone [6℄. Indeed, the solution (2.3-2.5) de�nes a 
anoni
al �eld �(x; t),[�(x; t);�(y; t)℄ = 0 = [�y(x; t);�y(y; t)℄ ; [�(x; t);�y(y; t)℄ = Æ(x� y)provided one takes ��i = ay(pi) and �j = a(qj), where a and ay are operators obeying thefollowing ex
hange relations:a(k1)a(k2) = R(k2 � k1)a(k2)a(k1) (2.6)ay(k1)ay(k2) = ay(k2)ay(k1)R(k2 � k1) (2.7)a(k1)ay(k2) = ay(k2)R(k1 � k2)a(k1) + Æ(k1 � k2) (2.8)with R(k) = k � igk + ig : (2.9)This de�nes a so-
alled Zamolod
hikov-Faddeev (ZF) algebra [5℄, whi
h 
an be viewed as adeformation of an os
illator algebra, g playing the role of the deformation parameter.Then, one shows that the 
anoni
al �eld � obeys a quantum version of the NLS equation:�i�t + �2x��(x; t) = 2g : �(x; t)��(x; t)�(x; t) : (2.10)where the normal ordering : : is done with respe
t to the operators a and ay.In the determination of �, the ZF algebra has been naturally put in the forefront. Indeed,this algebra plays a 
entral role in the NLS equation. For instan
e, looking at the NLS-Hamiltonian, one 
an show that in term of a and ay, it 
an be rewritten asH2 = ZR dk k2ay(k)a(k) : (2.11)The evolution of the 
anoni
al �eld�(x; t) = eiH2t �(x; 0) eiH2t (2.12)being 
ompatible with the form (2.3-2.5).Moreover, one 
an de�ne an in�nite set of 
ommuting operatorsHn = ZR dk knay(k)a(k) ; [Hn;Hm℄ = 0 (2.13)57



M. Mint
hev, E. Ragou
y and P. Sorbagenerating the hierar
hy asso
iated to the NLS equation. The 
anoni
al �eld asso
iated to Hmstill 
an be written as (2.3-2.5), with the repla
ement!n(x; t) ! !(m)n (x; t) = 1Xi=1(pix� pmi t) + 1Xj=0(qjx� qmj t) : (2.14)The simple form of the Hamiltonians also grounds the property for the a and ay operators tobe asymptoti
 states of the models. In fa
t, 
onstru
ting the Fo
k spa
e F with va
uum 
,a(k)
 = 0, one 
an show that 
 is also 
y
li
 for �, and that the Fo
k spa
e of � and �� isdense into F . For more details, see [3℄.The 
entral role plaid by the ZF algebra is 
on�rmed when looking at the "ve
torial" versionof the NLS equation.2.1 Generalization to the gl(N)-NLS equation and its symmetryOne 
an extend the above te
hniques to the 
ase where � is an N -ve
tor�(x; t) =0B� '1(x; t)...'n(x; t) 1CA and �y = ( �'1; : : : ; �'n) : (2.15)The gl(N)-NLS equation reads�i�t + �2x��(x; t) = 2g j�(x; t) j2 �(x; t) with j� j2 = �y� : (2.16)On
e more, the (quantum) solution takes the form (2.3-2.5), with now��i = ay�i(pi) and �j = a�j (qj) (2.17)and an impli
it summation on the indi
es �i = 1; : : : ; N . The ZF generators ai and ayi , withi = 1; : : : ; N obeya1(k1)a2(k2) = R21(k2 � k1)a2(k2)a1(k1) (2.18)ay1(k1)ay2(k2) = ay2(k2)ay1(k1)R21(k2 � k1) (2.19)a1(k1)ay2(k2) = ay2(k2)R12(k1 � k2)a1(k1) + Æ12Æ(k1 � k2) : (2.20)We have used the notationsa1(k) = NXi=1 ai(k) ei 
 I , a2(k2) NXi=1 ai(k) I
 eiay1(k) = NXi=1 ayi (k) eyi 
 I , ay2(k2) NXi=1 ayi (k) I
 eyiÆ12 = NXi=1 ei 
 eyi , eyi = (0; : : : ; 0; i1; 0; : : : ; 0) , eyi � ej = ÆijR12(k) = 1k + ig (k IN 
 IN + ig P12) , P12 = NXi;j=1Eij 
Eji58



Boundaries and symmetry breaking in the nonlinear S
hr�odinger hierar
hywhere IN is the N � N identity matrix and Eij the N � N matrix with 1 at position (i; j).With these notations, the ex
hange relations (2.18-2.20) of the ZF algebra AN are understoodas equalities in AN 
 C N 
 C N .As previously, one de�nes the HamiltoniansHm = NXi=1 ZR dk kmayi (k)ai(k) � ZR dk kmay(k)a(k) (2.21)asso
iated to the hierar
hy of gl(N)-NLS equation, and the Fo
k spa
e F of the AN algebraprovides a va
uum for the 
anoni
al �elds �.2.2 Yangian symmetryThe R-matrix (2.21) is well-known in the 
ontext of quantum groups: it is the R-matrix of theYangian Y (N) based on gl(N). As an R-matrix, it obeys the Yang-Baxter equation:R12(k1 � k2)R13(k1 � k3)R23(k2 � k3) = R23(k2 � k3)R13(k1 � k3)R12(k1 � k2) (2.22)and one 
an 
he
k it satis�es also the unitary 
onditionR12(k1 � k2)R21(k2 � k1) = IN 
 IN : (2.23)Let us remind that the Yangian Y (N) is a Hopf algebra whi
h 
an be viewed as a deformationof C [t℄
gl(N), the polynomial algebra based on gl(N). The emergen
e of Y (N) in the 
ontextof gl(N)-NLS equation is not surprising, sin
e it has been shown, using QISM formalism, thatthis algebra is a symmetry of it. It is natural to ask whi
h form takes this symmetry in theframework of AN algebra. Indeed, de�ningQa� = 1Xn=0 (�)nn! Qa;(n)� ; � = 0; 1; a = 1; : : : ; N2 (2.24)Qa;(n)� = ZRn 1Yi=1 dki2� ay1:::nT a;(n)� an:::1 , T a;(n)� 2 �C N2�
n[k1; : : : ; kn℄ (2.25)with ay1:::n = NXi1;:::;in=1 ayi1(k1) � � � ayin(kn) eyi1 
 � � � 
 eyin (2.26)an:::1 = NXi1;:::;in=1 ain(kn) � � � ai1(k1) ei1 
 � � � 
 ein (2.27)one 
an shown that forT a;(n)0 = nXi=1 �n� 1i� 1 � tai , tai = IN 
 : : :
 IN| {z }i�1 
ta 
 IN 
 : : :
 IN (2.28)T a;(n)1 = nXi=1 �n� 1i� 1 �0�kitai + g2 i�1Xj=1 fab
tbi t
j1A (2.29)59



M. Mint
hev, E. Ragou
y and P. SorbaQa0 and Qa1 satisfy the de�ning relations (in the Drinfeld presentation) of the Yangian Y (N).Now, using the simple form of the Hamiltonians in the AN framework, it is easy to showthat the generators Qa� 
ommute with Hn, so that Y (N) generates integral of motions, notonly for the gl(N)-NLS equation, but for its whole hierar
hy.Summarizing the 
onstru
tion, starting with the 
lassi
al solution of the NLS equation, wehave promoted it to a quantum solution for the gl(N)-NLS hierar
hy. In su
h a pro
ess, analgebra (the ZF algebra AN ) naturally appears and is used to 
onstru
t the Fo
k spa
e, theHamiltonians and the integral of motions for the hierar
hy. It is this strategy of "algebrai
quantization" that we want to apply to the 
ase of the NLS equation with boundaries.3 BNLS: the NLS equation on a half-lineClassi
ally, the BNLS equation is de�ned through (2.1), with the �eld � submitted to theboundary 
ondition limx#0 (�x � i�)�(x; t) = 0 , � � 0 : (3.30)Note that this 
ondition breaks the translation invarian
e. This model is integrable, and entersin the 
lass of fa
torized S-matrix with boundary, introdu
ed by Cherednik [8℄, and studiedlately by Sklyanin [9℄ in the QISM approa
h.The 
lassi
al solution still takes the form (2.3-2.5), but now the fun
tion � is submitted tothe 
ondition �(k) = B(k)�(�k) with a re
e
tion fa
tor B(k) = k � i�k + i� : (3.31)Sti
king to our strategy, one tries to quantize the solution keeping its 
lassi
al form, andseeking for ex
hange relations for operators a and ay. It 
an indeed be done, and in [3℄ it hasbeen shown that the quantum �eld de�ned (2.3-2.5) is 
anoni
al provided the ZF algebra isrepla
ed by a bigger algebra, the boundary algebra, whose ex
hange relations are given by:a(k1)a(k2) = R(k2 � k1)a(k2)a(k1) (3.32)ay(k1)ay(k2) = ay(k2)ay(k1)R(k2 � k1) (3.33)a(k1)ay(k2) = ay(k2)R(k1 � k2)a(k1) + 12Æ(k1 � k2) + 12b(k1)Æ(k1 + k2) (3.34)a(k1)b(k2) = R(k2 � k1)b(k2)R(k1 + k2)a(k1) (3.35)b(k1)ay(k2) = ay(k2)R(k2 � k1)b(k1)R(k1 + k2) (3.36)b(k1)b(k2) = b(k2)b(k1) and b(k)b(�k) = 1 (3.37)with the same R(k). A new operator appears, whi
h is the quantum analog of the re
e
tionfa
tor. Note that the ZF algebra is not a subalgebra of the boundary algebra, see relation(3.34).The 
ondition (3.31) turns to be, at the quantum level, an automorphism of the B(N)algebra: a(k) ! a(�k)b(k) ; ay(k) ! b(�k)ay(�k) ; b(k) ! b(k) : (3.38)The Hamiltonian still has the form (2.11). The link with the re
e
tion fa
tor is done whenlooking at the Fo
k spa
e representation of the boundary algebra: de�ning the va
uum bya(k)
 = 0, it appears that it is an eigenve
tor of the operator b(k). Thus, there are severalFo
k spa
es FB , ea
h of them being label by a fun
tion B(k) obeyingb(k)
 = B(k)
 ; B(k)B(�k) = 1 : (3.39)60



Boundaries and symmetry breaking in the nonlinear S
hr�odinger hierar
hyThe most general solution of the above equation 
an be written asB(k) = A(k) + iA(k)� i with A odd real fun
tion (3.40)and for A(k) = k� , we re
over the re
e
tion fa
tor. The other solutions 
orrespond to more
ompli
ated boundary 
onditions (see below).Before going deeper is the 
onsequen
es of the algebra, we �rst de�ne it in the ve
torialform of the BNLS equation.3.1 gl(N)-BNLS hierar
hy and its symmetryAs in the 
ase without boundary, one generalize the BNLS equation to N -ve
tors. On
e again,the solutions 
an be written as in (2.3-2.5), with a boundary algebra B(N) obeyinga1(k1)a2(k2) = R21(k2 � k1)a2(k2)a1(k1) (3.41)ay1(k1)ay2(k2) = ay2(k2)ay1(k1)R21(k2 � k1) (3.42)a1(k1)ay2(k2) = ay2(k2)R12(k1 � k2)a1(k1) + Æ122 Æ(k1 � k2) + 12b12(k1)Æ(k1 + k2) (3.43)a1(k1)b2(k2) = R21(k2 � k1)b2(k2)R12(k1 + k2)a1(k1) (3.44)b1(k1)ay2(k2) = ay2(k2)R21(k2 � k1)b1(k1)R21(k1 + k2) (3.45)b(k)b(�k) = I (3.46)R(k1 � k2) b1(k1)R(k1 + k2) b2(k2) = b2(k2)R(k1 + k2) b1(k1)R(k1 � k2) : (3.47)The notations are the same as in the previous se
tion, together withb12(k) = NXi;j=1 bij(k) ei 
 ej ; b1(k) = NXi;j=1 bij(k)Eij 
 IN ; b2(k) = NXi;j=1 bij(k) IN 
Eij :The relation (3.47) shows that the generators bij(k) form a subalgebra of B(N), 
alled there
e
tion algebra.The same properties appear: �(x; t) is a 
anoni
al quantum �eld, obeying the equation(2.10), and whose evolution operator is H2.3.1.1 Classi�
ation of the Fo
k spa
esAs in the s
alar 
ase, there are several Fo
k spa
es FB, labeled by N � N matri
es B(k)satisfying B(k)B(�k) = IN (3.48)R(k1 � k2)B1(k1)R(k1 + k2)B2(k2) = B2(k2)R(k1 + k2)B1(k1)R(k1 � k2) :We have 
lassi�ed these re
e
tion matri
es (and thus the Fo
k spa
es of the boundary algebra).The general solution, up to a 
onjugation by a 
onstant gl(N) matrix, takes the form:B(k) = �(k) i� I+ k Ei� + k (3.49)B(k) = �(k) (I+ akJ) (3.50)61



M. Mint
hev, E. Ragou
y and P. Sorbawhere � is a fun
tion su
h that �(k)�(�k) = 1, E is a diagonal matrix with eigenvalues �1and J = 0BBBB� J1 0 � � � 00 J2 . . . ...... . . . . . . 00 � � � 0 Jr
1CCCCA with Ji = (0) or � 0 10 0 � ; 1 � i � r : (3.51)3.1.2 Boundary 
ondition for �In ea
h Fo
k spa
e FB , the �eld �(x; t) should obey a boundary 
ondition asso
iated to B(k).We have 
onstru
ted this boundary 
ondition for the matri
es (3.49). It takes the formlimx#0 � DB�(x; t) � = 0 ; (3.52)where DB is a matrix di�erential operator. Rewriting B(k) asB(k) = A(k) + iA(k)� i IN + E2 + eA(k) + ieA(k)� i IN � E2 ; (3.53)where A(k) and eA(k) are real odd fun
tions, one hasDB = IN + E2 (DA + i) + IN � E2 (D eA + i) : (3.54)For any odd fun
tion A, one de�nes the di�erential operator DA by(DAf)(y) = Z dx Â(x)f(x+ y) with Â(x) inverse Fourier transform of A(k)3.1.3 Hierar
hy asso
iated to BNLSLooking now at the hierar
hy asso
iated to the BNLS equation, one starts with the Hamilto-nians Hm de�ned in (2.21). However, these Hamiltonians do not 
ommute anymore:[Hm;Hn℄ = �(�1)m � (�1)n� Z dppm+nay(�p)b(�p)a(p) : (3.55)Moreover, in the Fo
k spa
es, the Hamiltonians H2m+1 vanish identi
ally:H2m+1 = 0 in FB : (3.56)Thus the hierar
hy asso
iated to the BNLS equation is formed by the 
ommuting HamiltoniansH2m.3.1.4 Integrals of motionremarking that we have the property[bij(k); NX�=1 ay�(p)a�(p)℄ = 0 , 8 i; j = 1; : : : ; N; 8 p (3.57)62



Boundaries and symmetry breaking in the nonlinear S
hr�odinger hierar
hywe dedu
e:The re
e
tion algebra generated by the bij(k)'s 
ommutes with all the Hamiltonians, andwhen
e is a symmetry of the whole hierar
hy.Note that, 
ontrarily to the 
ase without boundary, the symmetry algebra 
omes for freewith the boundary algebra: we 
onsider now this re
e
tion subalgebra from an algebrai
 pointof view.3.2 The re
e
tion algebra S(N; `)We 
onsider here the re
e
tion as an algebra de�ned by the ex
hange relationR(k1 � k2) b1(k1)R(k1 + k2) b2(k2) = b2(k2)R(k1 + k2) b1(k1)R(k1 � k2) : (3.58)This relation was introdu
ed in [8℄, and enters in the 
lass of ABCD-algebras, de�ned in [10℄.The 
onsisten
y of su
h relations leads to the following 
onstraintb(k)b(�k) = b(�k)b(k) = �(k)I; �(k) 
entral and even in k : (3.59)Here and below we will fo
us on �(k) = 1.We adopt here a mode expansionb(k) = b(0) +Xn>0 k�nb(n) (3.60)where b(0) is a 
onstant matrix. Due to the 
hoi
e of mode expansion, the solution (3.50) forthe re
e
tion matri
es has to be ex
luded.Note that be
ause of the 
onstraint (3.59), b(0) 
an be 
hosen diagonal with eigenvalues�1, but the number of + and - indeed plays a role in the 
ommutation relations. This fa
tis not present when 
onsidering the Yangian Y (N). We will denote S(N; `) the 
orrespondingalgebra, where ` is the number of -1. Up to a multipli
ation by �I, we 
an 
hoose ` � N2 .Remark that, depending on the 
hoi
e of b(0), not all the re
e
tion matri
es will be allowed:the solution must �t this 
hoi
e.The Lie subalgebra in S(N; `) is a gl(`) � gl(N � `) one, and the other generators are
ombined into (`;N � `)� (`;N � `) fundamental representations for the b(2n) generators, and(`2; 0)� (0; (N � `)2) adjoint representations for the b(2n+1) generators.The 
ommutation relations 
an be rewritten as:[bij(k1); bkl(k2)℄ = igk1 � k2�bkj(k2)bil(k1)� bkj(k1)bil(k2)�+ igk1 + k2 NXa=1�Æil bka(k2)baj(k1)� Ækj bia(k1)bal(k2)�� g2k21 � k22 Æij NXa=1�bka(k2)bal(k1)� bka(k1)bal(k2)� : (3.61)This stru
ture is very similar to the one en
ountered in the 
ase of twisted Yangians, andit 
an be shown that the S(N; `) algebra is a subalgebra of the Yangian Y (N) through theembedding b(k) ,! T (k)b(0)T�1(�k) : (3.62)This embedding is natural from the physi
al point of vie, sin
e it shows that the symmetryalgebra of BNLS is a subalgebra of the symmetry algebra of NLS (without boundary).The �nite dimensional irredu
ible representations of S(N; `) have been 
lassi�ed in [4℄.63



M. Mint
hev, E. Ragou
y and P. Sorba3.3 Spontaneous symmetry breakingOn
e the Fo
k spa
e is �xed, we are in position to determine whi
h of the generators arebroken by the va
uum. Indeed, it is exa
tly the re
e
tion matrix whi
h shows them, sin
eb(k)
 = B(k)
. Note that sin
e B(k) 
ompletely determines the boundary 
ondition satis�edby �, it is this boundary 
ondition whi
h generates the spontaneous symmetry breaking.One 
an gather these broken generators into a generating fun
tion tB(k) su
h thattb(k)
 = B(k)
 and �b(k)� tB(k)�
 = 0 : (3.63)Rewriting the re
e
tion matrix asB(k) = �(k)1 + a(E + ak�1I) with �(k) =Xp2J �pk�p; J � Z+ (3.64)the generating fun
tion is given bytB(u) = tr dB b(k) with dB = 11 + a �E f(u�1�) + Ia ef(u�1�)� ; � = ��k�1where f(x) =Xp2J 1p!xp and ef(x) =Xp2J 1(p+ 1)!xp+1 (3.65)and tr is the tra
e in the auxiliary spa
e.tB generates a 
ommutative subalgebra of S(N; `)[tB(k1); tB(k2)℄ = 0 : (3.66)A spe
ial feature appears when B(k) = b(0) � E . In that 
ase, none of the generators isbroken, and the symmetry algebra in FE is the full re
e
tion algebra S(N; `). Note howeverthat although the re
e
tion fa
tor is \trivial", the boundary a�e
ts the symmetry whi
h isredu
ed from the Yangian Y (N) to the re
e
tion algebra S(N; `).3.3.1 Example: the 
ase N = 2We 
an perform a 
hange of basis in S(N; `), using the Pauli matri
es �a:t(k) = tr b(k) and ta(k) = tr �ab(k); a = 1; 2; 3 : (3.67)Then, in this new basis, one 
an show that t(k) is a 
entral generator.The matrix b(0) 
an take two values: I or �3, and the 
orresponding possible values for there
e
tion matrix are b(0) = I ) B(k) = A(k) + iA(k) � i  1 00 i��ki�+k ! (3.68)b(0) = �3 ) B(k) = A(k) + iA(k) � i � 1 00 �1 � (3.69)Looking at the Lie subalgebra, one starts with a gl(2) algebra for S(2; 0) and a gl(1)�gl(1)algebra for S(2; 1). The spontaneous symmetry breaking redu
es the gl(2) algebra down to ansl(2) one, and the gl(1) � gl(1) algebra down to a gl(1) one.We gather below the results for N = 2, in
luding the 
ase without boundary, whi
h 
an beviewed as a b(k) = 0 limit. 64



Boundaries and symmetry breaking in the nonlinear S
hr�odinger hierar
hyModel b(0) Symmetry Lie Re
e
tion Sym. break.algebra subalg. matrix (Lie subalg.)NLS 0 Y (2) gl(2) - -BNLS I S(2; 0) gl(2) I gl(2)B(k) sl(2)BNLS �3 S(2; 1) 2gl(1) �3 2gl(1)�(k)�3 gl(1)4 Con
lusionWe have shown that in the same way the ZF algebra allows to re
onstru
t all the informationsabout the NLS hierar
hy, there is an analogous algebra, the boundary algebra B(N) in the 
aseof BNLS hierar
hy. It 
an be used to re
onstru
t the 
anoni
al �eld �, the Hamiltonians ofthe hierar
hy and the symmetry algebra. Looking at the Fo
k spa
e representation of B(N),we have shown that they are 
lassi�ed by re
e
tion matri
es B(k), whi
h turn to provide theboundary 
ondition obeyed by �. The boundary algebra also 
ontains the integrals of motionwhi
h form a subalgebra, the re
e
tion algebra. Through the Fo
k spa
e determination, onesele
ts whi
h of the symmetry generators will be spontaneously broken.Note that su
h a BR algebra 
an be 
onstru
ted for any R-matrix whi
h obey the Yang-Baxter equationR12(k1 � k2)R13(k1 � k3)R23(k2 � k3) = R23(k2 � k3)R13(k1 � k3)R12(k1 � k2) (4.70)and the unitary 
ondition R12(k1 � k2)R21(k2 � k1) = I: (4.71)In this 
ontext, the BR algebra 
an be used for the study of a wide 
lass of quantum integrablesystems with boundary.Referen
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Pro
eedings of the workshopLow dimensional integrable models and their appli
ations in �eld theory and statisti
al physi
s(LAPTH, Anne
y, May 2001)
Staggered anisotropy parameter modi�
ationof the Perk-S
hultz modelT. SedrakyanYerevan Physi
s InstituteAlikhanian br. 2, 375036 Yerevan, ArmeniaAbstra
tThe Perk{S
hultz model (anisotropi
 t-J model) with staggered disposition of the aniso-tropy parameter along a 
hain is 
onsidered and the 
orresponding ladder type integrablemodel is 
onstru
ted. This is a generalization to spin-1 
ase of the staggered XXZ spin-1/2 model 
onsidered earlier. The 
orresponding Hamiltonian is 
al
ulated and, sin
e it
ontains next to nearest neighbor intera
tion terms, 
an be written in a zig-zag form. TheAlgebrai
 Bethe Ansatz te
hnique is applied and the eigenstates, along with eigenvalues ofthe transfer matrix of the model are found.1 Introdu
tionIn re
ent arti
les [3, 4℄ the authors have proposed a 
onstru
tion of some integrable 
hain modelswith Z2 grading of the states along the 
hain, as well as along the time dire
tions. Hen
e, a wayof 
onstru
ting an integrable models with staggered inhomogeneity was proposed, motivated bythe problems of three dimensional Ising model [6℄ and the Hall e�e
t [7℄. The inhomogeneousanisotropi
 XXZ Heisenberg 
hain with staggered anisotropy parameter �� was 
onstru
tedin [3℄, while the isotropi
 t� J model was 
onsidered in [4℄.The XXZ and t� J models with only inhomogeneous shift of the spe
tral parameter waspreviously 
onsidered in a 
hain of arti
les [8, 9, 10, 11℄, but these authors have not analyzed thepossibility of the inhomogeneity of the anisotropy parameter � (or other model parameters).As a result they have the same intertwining R-matrix as for ordinary homogeneous integrableXXZ and t � J models 
orrespondingly and, therefore, the same quantum group stru
turebehind. Contrary to this, in the 
onstru
tion presented in the arti
les [3℄ and [5℄ the integrableinhomogeneity appeared not only in shifts of the spe
tral parameter, but also in some stru
tural
hanges. As a result we got modi�ed Yang{Baxter equations (YBE), leading to a quantumgroup algebrai
 stru
ture di�erent from the usual slq(2) [5℄.As it is shown in the mentioned above arti
les, due to periodi
 shift of the spe
tral pa-rameters the Hamiltonians of all this models 
ontain at most next to nearest neighbor (NNN)intera
tion terms and therefore 
an be represented as integrable two leg ladder (zig-zag) models.The intera
tion between the legs of the ladder is represented in the Hamiltonian by a topologi-
al type terms written as the produ
t of three neighbor spins and the anisotropi
 antisymmetri
tensor as �̂ab
�ai �bi+1�
i+2: (1)As it was shown in [7℄, the model of free fermions hopping with inhomogeneous parameters,in a 
ase when the rotational invarian
e is preserved, determines a Peierls type me
hanismof mass generation, whi
h is based on the breaking of the translational invarian
e for thetranslations of one latti
e spa
ing. Perhaps the above mentioned 3-spin intera
tion terms areThis work was partially supported by the INTAS proje
t 99-01459 67



T. Sedrakyanresponsible for a gaped phase of the system, as it is dis
ussed in the arti
les [12℄ in 
onne
tionwith high temperature super
ondu
tivity problems.In this arti
le, by use of the solution of the staggered YBE for the general Slq(n) quantumgroup presented in [5℄, we pass from spin-1/2 XXZ model to spin-1 
ase and 
onsider the Perk-S
hultz model [13, 14, 15℄ (or anisotropi
 t � J model) with staggered sign of the anisotropyparameter. In Se
tion 2 we present the solution of the staggered Y BE for the Slq(1; 2) 
ase and
al
ulate the Hamiltonian of the model in a ladder form. In Se
tion 3 we apply the te
hniqueof the Algebrai
 Bethe Ansatz (ABA) [1, 2℄ and �nd the eigenvalues and eigenstates of ourHamiltonian. The Bethe equations (BE) for the allowed values of the spe
tral parameters(momentums) are written down here.2 The Yang{Baxter equations, their solution and the Hamilto-nian of the modelIn this Se
tion we follow the te
hnique developed in the arti
les [3, 4℄. We modify the spin-1model of Perk and S
hultz [13, 14, 15℄ , whi
h 
an be regarded as anisotropi
 supersymmetri
t � J model, in order to 
onstru
t an integrable model with staggered disposition of the signof the anisotropy parameter �.The prin
ipal ingredient of integrable models via Bethe Ansatz te
hnique is the R-matrix.The Raj-matrix a
ts as an intertwining operator on the dire
t produ
t of the auxiliary Va(v)and quantum Vj(u) spa
esRaj(u; v) : Va(u)
 Vj(v) �! Vj(v) 
 Va(u) : (2)For the Perk-S
hultz model the quantum and auxiliary spa
es are three dimensional and
orresponding R-matrix 
an be de�ned by the following formulaR(z) = qzRq � q�1z�1Rq�1; (3)where we have introdu
ed a new multipli
ative spe
tral parameter z = eiu. The parameter qde�nes the anisotropy of the model and, as it is shown in [15℄, the so 
alled 
onstant R-matrixRq is equal to (here � = q � q�1)
Rq = limz!1 R(z)z =

0BBBBBBBBBBBB�
�1 0 0 0 0 0 0 0 00 �q�1 0 0 0 0 0 0 00 0 q�1 0 0 0 0 0 00 �q�1� 0 �q�1 0 0 0 0 00 0 0 0 �1 0 0 0 00 0 0 0 0 q�1 0 0 00 0 �q�1� 0 0 0 q�1 0 00 0 0 0 0 �q�1� 0 q�1 00 0 0 0 0 0 0 0 q�2

1CCCCCCCCCCCCA : (4)
It is very 
onvenient for this model to 
onsider its fermionized version by use of the te
hniquedeveloped in the arti
le [16, 17℄. Let us introdu
e two Fermi �elds 
i;�; 
+i;� with spin up anddown states � ="; # at ea
h site i of the 
hain and three basi
 ve
tors of the 
orrespondingspa
es Vi as follows j �i �j 0; #i; j +i �j"; 0i; j 0i �j 0; 0i; (5)68



Staggered anisotropy parameter modifi
ation of the Perk-S
hultz modelnumerated as j 1i; j 2i; j 3i respe
tively. Therefore we have Z2 graded quantum Vj(u) andauxiliary Va(v) spa
es with the following paritiesp(j +i) = p(j �i) = 1; p(j 0i) = 0: (6)Consider now Hubbard operators Xa1a2 =j a2iha1 j; Xj1j2 =j j2ihj1 j, with j ai; j ji de�ned asin formulas (5) andXkm = 0� j�ih�j j�ih+j j�ih0jj+ih�j j+ih+j j+ih0jj0ih�j j0ih+j j0ih0j 1A = 0� (1� n")n# 
+# 
" (1� n")
+#
+" 
# n"(1� n#) 
+" (1� n#)(1� n")
# 
"(1� n#) (1� n")(1� n#) 1A ;(7)where n� = 
+� 
� is the parti
le number operator. The demand that the tra
e of this operatora
ts on auxiliary and quantum spa
es as the identity operator means that the double o

upan
yof the sites by fermions is ex
luded� j li = Xmm j li = (1 � n"n#) j li =j li; m; l = 1; 2; 3: (8)Now we 
an write down the formula 
onne
ting the fermioni
 Raj-operator of the Perk-S
hultzmodel with the Raj-matrix de�ned by the expression (4)Raj = Raj j j1i j a1iha1 j hj1 j= (Raj)a2j2a1j1 j a2i j j2iha1 j hj1 j= (�1)p(a1)p(j2)(Raj)a2j2a1j1Xa1a2Xj1j2 : (9)It is straightforward to 
he
k that this fermioni
 R-operator satis�es the YBE in the operatorform [17℄.Having the R-matrix of the integrable model we should 
onstru
t the monodromy matrix(operator), whi
h is usually a homogeneous produ
t of the R-matri
es along the 
hain. Butnow let us instead 
onsider two di�erent monodromy matri
es (operators) M0(u) and M1(u)de�ned by staggered inhomogeneous produ
t of the R-operatorsM1(u) = R�1�201 (u)R�102(�u)R�1�203 (u) � � � ; M0(u) = R�201(�u)R02(u)R�203(�u) � � � : (10)Here the operations �1 and �2 transform the R-operator of the Perk-S
hultz model to R�1(u),R�2(u) with the property �21 = �22 = 1. These operations will be de�ned below.The full monodromy operator M(u) of the model is de�ned as a produ
t of these twomonodromy operators M(u) =M0(u)M1(u); (11)while the transfer matrix is the tra
e of M(u) over auxiliary spa
es 0 and �0�(u) = Tr0Tr�0M(u) = �0(u)�1(u): (12)It is known that the Yang{Baxter equations (YBE) insure the 
ommutativity of the transfermatri
es �(u) and �(v) for di�erent values of the spe
tral parameters u 6= v. As it was shownin the arti
le [3℄ for our inhomogeneous 
ase we will need two sets of Y BE de�ned as�R12(u; v) �R�123(�u) �R12(v) = �R�123(v) �R12(�u) �~R23(u; v) ; (13)�~R12(u; v) �R�2�123 (u) �R�112(�v) = �R�2�123 (�v) �R�212(u) �R23(u; v) ; (14)where �Rij = PijRij is the R-matrix in the braid formalism and Pij is the permutation operator.69



T. SedrakyanIn order to have a integrable model this Y BE-s should have a solution of the equations(13, 14) for some nontrivial �1 and �2 operations. The solution of the �rst set of equations 
anbe found in the arti
le [5℄ by extending Slq(1; 2) 
ase from the Slq(3) solutions. It is�R�1(z) = qz �R�1q � q�1z�1( �R�1q )�1; (15)where
�R�1q = ~Rq =

0BBBBBBBBBBBB�
�1 0 0 0 0 0 0 0 00 �q�1� 0 �q�1 0 0 0 0 00 0 �q�1� 0 0 0 �q�1 0 00 �q�1 0 0 0 0 0 0 00 0 0 0 �1 0 0 0 00 0 0 0 0 0 0 �q�1 00 0 �q�1 0 0 0 0 0 00 0 0 0 0 �q�1 0 �q�1� 00 0 0 0 0 0 0 0 q�2

1CCCCCCCCCCCCA (16)
and the bar operation is a multipli
ative shift of the multipli
ative spe
tral parameter z = eiu,�R(�z) = �R(ei�u) = �R(hz�1).If we de�ne the operation �2 on �R(z) as�R�2(z) = �R�1(z�1); (17)then it is easy to see that se
ond set of YBEs will 
oin
ide with the �rst set of Y BE-s.Therefore we have found an integrable inhomogeneous model and our aim now is to writedown the expression for the Hamiltonian. But in order to have a lo
al Hamiltonian it isne
essary to have a point u0, where �Rij(u0) = Îij; (18)with Îij being an identity operator.From the form of �R-matrix (15) one 
an easily see that the value u0 = 0 (or z0 = eiu0 = 1)is just the needed one. Let us noti
e that though �Rij(u)ju=0 = Îij, we have �Rij(�u)ju=0 6= Îij .Be
ause of this, and as future 
al
ulations will show, the Hamiltonian of our model 
ontains, to-gether with nearest-neighbor intera
tion terms, also next-to nearest-neighbor intera
tion terms.So being provided by su
h value, our Hamiltonian is de�ned as logarithmi
 derivative ofthe transfer matrix at that point H = ��ln �(u)�u ju=0:For the 
al
ulation of this logarithmi
 derivative we need the following linear expressions ofthe operators �R(z); �R�1�2(z); �R�1(�z); �R�2(�z) around the point u = 0�R(u) = ��+ iuH; H = q �Rq + q�1 �R�1q ; �R�1�2(u) = ��� iuH; (19)�R(�u) = �R(h) + iu �H; �H = �qh �Rq � q�1h�1 �R�1q ;�R�1(�u) = �R�1(h) + iu �H�1 ; �H�1 = �qh �R�1q � q�1h�1( �R�1q )�1;�R�2(�u) = �R�1(h�1) + iu �H�2 ; �H�2 = qh�1 �R�1q + q�1h( �R�1q )�1;and we also have that �R�1(h) �R�1(h�1) = (�2 + 4
os2 �)Î ;70



Staggered anisotropy parameter modifi
ation of the Perk-S
hultz modelwith � = �i log h, as an additive shift of the spe
tral parameter.The next step 
onsists in inserting expressions(19) in expressions (11) and (10) of themonodromy matrix (in the braid formalism)M(u) = �R�201(�u) �R12(u) �R�223(�u) � � � �R�101(�u) �R�1�212 (u) �R�123(�u) � � �and to extra
t the linear in u terms from the produ
t. Finally we obtain� i�(�2 + 4 sin2 �)Hj�1;j;j+1 == (�1)j�1 X�=";#n
+j�1;�
j+1;� h(1� nj;��)f4(q; h(�1)j ) + nj;��f0(q; h(�1)j )i+ 
+j+1;�
j�1;� h(1� nj;��)f4(q; h�(�1)j ) + nj;��f0(q; h�(�1)j )io� (�1)j�1�S�j�1S�j+1 �(1� nj)f0(q; h) � nj f4(q; h) + f4(q; h�1)2 �� �S3j�1S3j+1 + 14nj�1nj+1� (2nj � 1)f6(q; h)�+ (�1)j�1 X�=";#n
+j;�
j+1;�� �(1� nj+2;��)fj(mod2)+1(q; h) + (�1)j(1� nj�1;��)fj(mod2)+1(q; h�1)�+ 
+j+1;�
j;� �(1� nj�1;��)fj(mod2)+1(q; h) + (�1)j(1� nj+2;��fj(mod2)+1(q; h�1)�o+ �S�2j�1S�2j f2(q; h) + f2(q; h�1)2 + f6(q; h)n2j�1n2j� (n2j�2 � n2j+1)+ 2Saj�1SbjS
j+1�̂ab
 + (�1)j+1 Xfklmg=fj�1;j;j+1gS�kS�lm�̂klmf5(q; h)+ f3(q; h)(nj�1nj + njnj+1) (20)where � = 1; 2.In this expression for the Hamiltonian the spin variables are as in usual t� J modelS+ = 
+" 
#; S� = 
+# 
"; S3 = n" � n#2 ; (21)the anisotropi
 antisymmetri
 tensors �̂ab
; a; b; 
 = 1; 2; 3 and �̂klm, k; l;m;= j � 1; j; j + 1are de�ned as follows�̂a3b = f1(q1=2; h2)�a3b�̂3ab = �̂ab3 = f1(q; h)�3ab �̂klm = � ��̂lkm if jk � lj = 2;�̂lkm if jk � lj = 1 (22)where �ab
 is ordinary antisymmetri
 tensor, and for fun
tions fr(q; h) we gotf0(q; z) = 2(h � h�1)2 ; f1(q; z) = 2(h� h�1)(q2 � q�2) ;f3(q; z) = 4(h�1 � h)(3qh + qh�1 � q�1h� 3q�1h�1) ;f4(q; z) = 2(q1=2h�1 � q�1=2h)2 � 2(q1=2 � q�1=2)2;f5(q; z) = 2(q � q�1)(h� h�1) ; f6(q; z) = 2(q + q�1)(h� h�1)2: (23)It is 
onvenient now to write the Hamiltonian (20) in a ladder form. Let us 
onsider theeven (2j) and the odd (2j + 1) points of the 
hain as a sites (j) of two di�erent 
hains labeledby s = 0 and 1 
orrespondingly. The Fermi �elds will be labeled now as 
j;s = 
2j+s, s = 0; 1.71



T. SedrakyanWith these notations it is straightforward to obtain from the expression (20) the followingladder Hamiltonian� i�(�2 + 4 sin2 �)Hj;s = H
j;s +Hrj;s +H3Sj;s +HhSj;s= (�1)s X�=";#n
+j;s;�
j+1;s;� h(1� nj+s;s+1;��)f4(q; h(�1)s+1 ) + nj+s;s+1;��f0(q; h(�1)s+1)i+ 
+j+1;s;�
j;s;� h(1� nj+s;s+1;��)f4(q; h�(�1)s) + nj+s;s+1;��f0(q; h�(�1)s)io� (�1)s�S�j;sS�j+1;s �(1� nj+s;s+1)f0(q; h)� nj+s;s+1f4(q; h) + f4(q; h�1)2 �� �S3j;sS3j+1;s + 14nj;snj+1;s� (2nj+s;s � 1)f6(q; h)�+ (�1)j�1 X�=";#n
+j;s;�
j+s;s+1;�� h(1� nj+1;s;��)fs+1(q; h(�1)s) + (�1)s(1� nj�1+s;s+1;;��)fs+1(q; h(�1)s+1 )i+ 
+j+s;s+1;�
j;s;� h(1� nj+1;s;��)fs+1(q; h(�1)s+1) + (�1)s(1� nj�1+s;s+1;��fs+1(q; h(�1)s)io+ �S�j;1S�j+1;0f2(q; h) + f2(q; h�1)2 + f6(q; h)nj;1nj+1;0� (nj;0 � nj+1;1)+ 2Saj;sSbj+s;s+1S
j+1;s�̂ab
 + (�1)s Xfklmg=f(j;s);(j+s;s+1);(j+1;s)gS�kS�lm�̂klmf5(q; h)+ f3(q; h)nj;snj+s;s+1 (24)Though this expression is big but one 
an re
ognize four 
lear terms there. The �rst one isthe Hamiltonian of anisotropi
 t�J model for the ea
h of 
hains (marked as H
js). The se
ondis anisotropi
 t�J term for the rungs (Hrja). The third term (H3Sjs ), whi
h was dis
ussed in theintrodu
tion, is written for the ea
h triangle of the zig-zag, represents the intera
tion between
hains and has a topologi
al form. The last term 
ontains spin-spin Heisenberg intera
tiontogether with hopping of fermions and 
an be thought as spin-orbit intera
tion.At the end of this Se
tion let us write the q ! 1 limit of this Hamiltonian , whi
h 
orre-sponds to isotropi
 
ase. In this limit it is ne
essary to res
ale the additive spe
tral parameteru and introdu
e w = log z= log q together with new additional model parameter � = log z= log q,whi
h should be kept �nite. Then we will obtain(�1)s+12 Hjs =P�=";#�
+j;s;�
j+1:s;� + 
+j+1;s;�
j:s;��� nj;snj+s;s+1nj+1:s (25)�(�1)s5nj;snj+s;s+1 + hS�j;sS�j+1;s + S3j;sS3j+1;s + 14nj;snj+1;si (2nj+s;s+1 � 1); (26)whi
h looks like an ordinary supersymmetri
 t� J model for ea
h of 
hains. But the presen
eof the fa
tor 2n� 1 in front of spin-spin intera
tion means that it is ferromagneti
 or antifer-romagneti
 regarding whether the 
orresponding site in the other 
hain is o

upied by fermionor not.3 ABA solution of the modelThe ABA solution for the homogeneous Perk-S
hultz model was 
arried out in [14℄ and ina 
hain of arti
les [18℄ for a model with open boundaries. In this se
tion we will use thete
hnique of Algebrai
 Bethe Ansatz ([1℄-[2℄) in order to �nd the eigenstates and eigenvaluesof the Hamiltonian (24) for staggered inhomogeneity.72



Staggered anisotropy parameter modifi
ation of the Perk-S
hultz modelAt the beginning we need the de�nition of the L-operatorLi;j(z)m0m = hm j Ri;j(z) j m0i = (�1)p(m0)p(n0)(Rij(z))m0n0mn Xnn0 (27)whi
h is a 3 � 3 matrix in a horizontal auxiliary spa
e, with the matrix elements a
ting inquantum spa
e. It has the following expression(Lij)m0m (z) = (28)0BBBBBBBBBB�
(qz � q�1z�1)(1 � n")n#+(z � z�1)(1� n#) �z�1
+# 
" ��z�1(1� n")
+#�z
+" 
# (z � z�1)(1� n")n#�(�qz + q�1z�1)n"(1� n#)+(z � z�1)(1� n")(1� n#) ��z�1
+" (1� n#)��z(1� n")
# ��z
"(1� n#) (z � z�1)(1 � n")n#+(z � z�1)n"(1� n#)+(q�1z � qz�1)(1 � n")(1 � n#)

1CCCCCCCCCCA :
The matrix elements of the monodromy operator (11) between auxiliary states j k0i and hk j
an be expressed as a produ
t of Lij matri
esM0(z)kk0 = hk jM0(z) j k0i = L�201(�z)kk1L02(z)k1k2 � � �L0N (z)kN�1k0 ;M1(z)kk0 = hk jM1(z) j k0i = L�1�201 (z)kk1L�102(�z)k1k2 � � �L�10N (�z)kN�1k0 (29)whi
h in matrix form looks likeMs(z)kk0 = 0� As;11(z) As;12(z) Bs;1(z)As;12(z) As;22(z) Bs;2(z)Cs;1(z) Cs;2(z) Ds(z) 1A ; s = 0; 1; (30)where As;ab, Bs;a, Cs;a, Ds; (a; b = 1; 2) are operators in the the quantum spa
e. The gradedproperty of the model is the origin of the following form of the transfer matrix (12)�s(z) = �As;11(z)�As;22(z) +Ds(z); s = 0; 1: (31)Now we would like to take the empty fermioni
 statej 
is =j 0; 0; : : : ; 0is =j 0i1s j 0i2s � � � j 0iNs; s = 0; 1; (32)as a \test" va
uum and let us demonstrate that the \va
uum" j 
i is indeed eigenstate of thetransfer matrix (31) �s(z) j 
is = �(0)s j 
i1�s: (33)The a
tion of L0k(z) and L�20k(�z) on the k-th empty state j 0ik is easy to 
al
ulateL0k(z)m0m j 0i = 0� z � z�1 0 ��z�1
+#0 z � z�1 ��z�1
+"0 0 q�1z � qz�1 1A j 0ik; (34)L�20k(�z)m0m j 0i = 0� �h�1z + hz�1 0 �hz�1
+#0 �h�1z + hz�1 �hz�1
+"0 0 h�1q�1z � hqz�1 1A j 0ik; (35)73



T. Sedrakyanand as we see it has an upper-triangular form. Be
ause the upper triangular matri
es form asemigroup the a
tion of the monodromy matrixM0(z)kk0 on j 
i0 also have an upper-triangularform dire
tly following from the expression (29)M0(z)m0m j 
i0 = (36)0BBBBBBBBBB�
(�h�1z + hz�1)N2(z � z�1)N2 0 B0;10 (�h�1z + hz�1)N2 (z � z�1)N2 B0;20 0 (h�1q�1z � hqz�1)N2(q�1z � qz�1)N2

1CCCCCCCCCCA j 
i0:
Following the de�nitions (16-17) of the �1 and �2 operations one 
an easily �nd the a
tionsof L�1�20k (z) and L�10k(�z) on j 0ik by use of formulasL�1�2(z) = L(z�1); L�1(�z) = L�2(�z�1); (37)and 
orrespondingly the a
tion of M1(z)kk0 on j 
i1 will beM1(z)m0m j 
i1 = (38)0BBBBBBBBBB�

(h�1z � hz�1)N2(�z + z�1)N2 0 B1;10 (h�1z � hz�1)N2 (�z + z�1)N2 B1;20 0 (hq�1z�1 � h�1qz)N2(q�1z�1 � qz)N2
1CCCCCCCCCCA j 
i1:

Now we see that j 
i is the eigenstate of �(u) with the eigenvalue �(0)(z)�(0)(z) = �(0)0 (z)�(0)1 (z); (39)�(0)0 (z) = �2(�h�1z + hz�1)N2 (z � z�1)N2 + (h�1q�1z � hqz�1)N2 (q�1z � qz�1)N2 ;�(0)1 (z) = �2(h�1z � hz�1)N2 (�z + z�1)N2 + (hq�1z�1 � h�1qz)N2 (q�1z�1 � qz)N2 ;whi
h follows from the expressions (12), (31), (33), (36). Simultaneously we see that the Bs;1(z)and Bs;2(z) (s = 0; 1) operators are 
reation operators, while the operators Cs(z) a
ts on j 
ias the annihilation operators. This motivates us to 
onsider the statesj v1; v2; : : : vn j F i0 = F an:::a1B0;a1(v1)B1;a2(v2) � � �B0;an(vn) j 
i0; ai = 1; 2; (40)as n-parti
le eigenstates of the transfer matrix �(u). F an:::a1 is a fun
tion of the spe
tralparameters vj, whi
h should be found later.In order to pro
eed further we need to rewrite the YBEs (13) and (14) in terms of thematrix elements of the monodromy matrix(�1)p(k00)(p(m0)+p(m00)) �Rkmk0m0(�u; v)M1m0m00(u)M0k0k00(v)= (�1)p(k0)(p(m)+p(m0))M1mm0(v)M0kk0(u) �Rk0m0k00m00(�u; v);(�1)p(k00)(p(m0)+p(m00))( �~R�1)kmk0m0(�u; v)M0m0m00(u)M1k0k00(v)= (�1)p(k0)(p(m)+p(m0))M0mm0(v)M1kk0(u)( �~R�1)k0m0k00m00(�u; v): (41)74



Staggered anisotropy parameter modifi
ation of the Perk-S
hultz modelFor our purpose, the interesting 
omponents of the equations (41) are the following 
om-mutation relations between the operators Ab
(u) and D(u) with the B
(v)A1;ba(u)B0;
(v) = rb0
0b
 (u; v)b(u; v) B1;
0(v)A0;b0a(u) + aa(u; v)b(u; v) B1;b(u)A0;
a(v); (42)A0;ba(u)B1;
(v) = �rb0
0b
 (u; v)b(u; v) B0;
0(v)A1;b0a(u)� aa(u; v)b(u; v) B0;b(u)A1;
a(v); (43)D1(u)B0;a(v) = 1b0(u; v)B1;a(v)D0(u)� a0a(v; u)b0(v; u) B1;a(u)D0(v); (44)D0(u)B1;a(v) = � 1b0(u; v)B0;a(v)D1(u) + a0a(v; u)b0(v; u) B0;a(u)D1(v); (45)B1;a(u)B0;b(v) = rb0a0ab (u; v)B1;a0B0;b0(u); (46)B0;a(u)B1;b(v) = rb0a0ab (u; v)B0;a0B1;b0(u); (47)where we have de�ned b(u; v); aa(u; v); b0(u; v); a0a(v; u) as followsb(u; v) = z(u; v) � z�1(u; v);aa(u; v) = � ��z(u; v); for a = 1;��z�1(u; v); for a = 2;b0(u; v) = � z(u; v) � z�1(u; v)q�1z�1(u; v) � qz(u; v) ;a0a(v; u) = ( �z(u;v)q�1z(u;v)�qz�1(u;v) ; for a = 1;�z�1(u;v)q�1z(u;v)�qz�1(u;v) ; for a = 2 (48)andrb0
0b
 (u; v) = (49)0BB� qz(u; v) � q�1z�1(u; v) 0 0 00 z(u; v) � z�1(u; v) �z�1(u; v) 00 �z(u; v) z(u; v) � z�1(u; v) 00 0 0 qz(u; v) � q�1z�1(u; v) 1CCA :Here we have used the notation z(u; v) = exp (i[u � v℄) = z(u)z(v) .The �rst terms in the 
ommutation relations (42)-(45) are so 
alled \wanted" terms. Aswe will see they are 
ontributing to the eigenvalues of the transfer matrix �s(u), s = 0; 1. These
ond terms in the (42)-(45) are so 
alled \unwanted" terms and their 
ontribution should be
an
eled in order to have an eigenstate.Using (42)-(47) we 
an represent the a
tion of the diagonal elements of the monodromymatrix as followsD1(u) j v1; : : : ; vn j F i1 =(�1)n2 nYi=1 1b0(�u; vi) [q�1z�1(u)� qz(u)℄N2 [hq�1z�1(u)� h�1qz(u)℄N2 j v1; : : : ; vn j F i0+ nXk=1 (~�k)b1:::bna1:::anF an:::a1B1;bk(�u) nYj=1;j 6=kBbj (vj) j 
i1; (50)75



T. Sedrakyanand [A1;11(u) +A1;22(u)℄ j v1; : : : ; vn j F i1 == (�1)n2+1 nYi=1 1b(�u; vi) [�z(u) + z�1(u)℄N2 [h�1z(u) � hz�1(u)℄N2� � (1)a01:::a0na1:::an(�u; v1; : : : ; vn)F an:::a1 nYi=1Ba0i(vi) j 
i1 ++ nXk=1(�k)b1:::bna1:::anF an:::a1B1;bk(�u) nYi=1;j 6=kBbj (vj) j 
i1; (51)where � (1)a01:::a0na1:::an(�u; v1; : : : ; vn) = �rb1a01
a1 (�u; v1)rb2a02b1a2 (�u; v2) � � � r
a0nbn�1an(u; vn): (52)In the equations (50) and (51) the �rst terms appeared due to the \wanted" terms of the
ommutation relations (42)-(45) while the se
ond terms result from the \unwanted" terms.The expression (52) for � (1)a01:::a0na1:::an 
an be rewritten as str[ln(�u; vn)l(n�1)(�u; vn�1) : : : l1(�u; v1)℄,with[lk(�u; vk)℄bkbk�1 = rbka0kbk�1ak(�u; vk) (53)= 0BB� [qz(�u; vk)� q�1z�1(�u; vk)℄e11+(z(�u; vk)� z�1(�u; vk))e22 �z�1(�u; vk)e21�z(�u; vk)e12 [qz(�u; vk)� q�1z�1(�u; vk)℄e22+(z(�u; vk)� z�1(�u; vk))e11 1CCA :Here the quantum operators eba a
t on the k-th spa
e and have (eba)�� = Æa�Æ�b matrixrepresentation.As it follows from the equations(50),(51) and (31), in order j v1; : : : ; vn j F i to be aneigenstate of �s(u)�s(u) j v1; : : : ; vn j F i = �s(u; v1; : : : ; vn; ) j v1; : : : ; vn j F i (54)we should demand:i) the 
an
ellation of the unwanted terms[(~�k)b1:::bna1:::an � (�k)b1:::bna1:::an ℄F an:::a1 = 0; (55)ii) F should be an eigenve
tor of the small (nested) transfer matrix � (1)(u)� (1)a01:::a0na1:::an(u; v1; : : : ; vn)F an:::a1 = �(1)(u; v1; : : : ; vn)F a0n:::a01 : (56)On
e this 
onditions are ful�lled, the expressions for the eigenvalues of �s(u) be
ome�1(u; v1; : : : ; vn) == (�1)n2 nYi=1 1b0(�u; vi) [q�1z�1(u)� qz(u)℄N2 [hq�1z�1(u)� h�1qz(u)℄N2� (�1)n2 nYi=1 1b(�u; vi) [�z(u) + z�1(u)℄N2 [h�1z(u)� hz�1(u)℄N2 �(1)(u; v1; : : : ; vn); (57)76



Staggered anisotropy parameter modifi
ation of the Perk-S
hultz modelwith �0(u) = �1(�u): (58)Therefore, as it is obvious from the pre
eding analysis, in order to know exa
tly the eigen-value we need to solve an other eigenvalue-eigenstate problem (56) for the transfer matrix � (1)with the redu
ed amount of degrees of freedom. That is why the all pro
edure is 
alled NestedBethe Ansatz (NBA).In the arti
le [19℄ the 
omputation of the quantities ~�k and �k for the ordinary t�J modelwas demonstrated and the 
ondition of 
an
ellation of the unwanted terms was redu
ed to someequations, whi
h are de�ning the �rst set of Bethe equations. It is not ne
essary to repeat this
al
ulations here, but let us mention the main di�eren
e, namely(A1;11 +A1;22) j 
i = ��z(u) + z�1(u)�N2 �h�1z(u) � hz�1(u)�N2 j 
i;D1 j 
i = ��qz(u) + q�1z�1(u)�N2 ��h�1z(u)q + hz�1(u)q�1�N2 j 
i; (59)whi
h leads to the 
ondition� (1)b01:::b0nb1:::bn(vk; v1; : : : ; vn)F bn:::b1 = �� nYi=1;i6=k[qz(vk; vi)� q�1z�1(vk; vi)℄�� [q�1z�1(�vk)� qz(�vk)℄N2 [hq�1z�1(�vk)� h�1qz(�vk)℄N2[�z(�vk) + z�1(�vk)℄N2 [h�1z(�vk)� hz�1(�vk)℄N2 F b0n:::b01 : (60)The next step of NABA is the diagonalization of the small transfer matrix � (1)(u) for a
hain of length n in order for F to be
ome an eigenve
tor of it. Following the ABA te
hniquewe write the Y BE�rkmk0m0(u; v)M (1)m0m00(u)M (1)k0k00(v) =M (1)mm0(v)M (1)kk0(u)�rk0m0k00m00(u; v); (61)where M (1)a0a is a monodromy matrix for the \nested" problem, and�rb0
0b
 (u; v) (62)= 0BB� qz(u; v) � q�1z�1(u; v) 0 0 00 �z(u; v) z(u; v) � z�1(u; v) 00 z(u; v) � z�1(u; v) �z�1(u; v) 00 0 0 qz(u; v) � q�1z�1(u; v) 1CCA :is the r-matrix from (49) in a braid formalism.Let us now take M (1)(u) = � A(1)(u) B(1)(u)C(1)(u) D(1)(u) � ; (63)and the 
orresponding tra
e � (1)(u) = �A(1)(u)�D(1)(u): (64)77



T. SedrakyanFrom the formulas (61) one 
an 
hoose following algebrai
 relationsA(1)(u)B(1)(v) = qz(u; v) � q�1z�1(u; v)z(u; v) � z�1(u; v) B(1)(v)A(1)(u)� �z(u; v)z(u; v) � z�1(u; v)B(1)(u)A(1)(v);D(1)(u)B(1)(v) = q�1z(u; v) � qz�1(u; v)z(u; v) � z�1(u; v) B(1)(v)D(1)(u)+ �z(u; v)z(u; v) � z�1(u; v)B(1)(u)D(1)(v);B(1)(u)B(1)(v) = B(1)(v)B(1)(u); (65)whi
h are the Y BE for theXXZ model with staggered inhomogeneity, de�ned in the arti
le [3℄.The �rst (se
ond) term in the expression (65) 
alled \wanted" (
orrespondingly \unwanted")term.Let us take j 0i(1)k = � 10 � ; j 
i(1) =j 0i(1)1 � � � j 0i(1)n = nOk=1 j 0i(1)k : (66)as a referen
e state. In order to �nd the a
tion of nested monodromy matrix M (1)(u) on thereferen
e state one should a
t by lk(u) from (53) on j 0i(1)k .After simple 
al
ulations we obtainA(1)(u) j 
i(1) = nYi=1[qz(u; vi)� q�1z�1(u; vi)℄ j 
i(1);D(1)(u) j 
i(1) = nYi=1[z(u; vi)� z�1(u; vi)℄ j 
i(1): (67)Now let us make the following Ansatz for the eigenstates of � (1)(u)j v(1)1 ; : : : ; v(1)m i = B(1)(v(1)1 )B(1)(v(1)2 ) : : : B(1)(v(1)m ) j 
i(1): (68)By use of (65) the a
tions of A(1)(u) and D(1)(u) on the states (68) is given byD(1)(u) j v(1)1 ; : : : ; v(1)m i= mYj=1 q�1z(u; v(1)i )� qz�1(u; v(1)i )z(u; v(1)i )� z�1(u; v(1)i ) nYj=1[z(u; vj)� z�1(u; vj)℄ j v(1)1 ; : : : ; v(1)m i+ mXk=1�(1)k B(1)(u) mYj=1;j 6=kB(1)(v(1)j ) j 
i(1);A(1)(u) j v(1)1 ; : : : ; v(1)m i= mYi=1 qz(u; v(1)i )� q�1z�1(u; v(1)i )z(u; v(1)i )� z�1(u; v(1)i ) nYj=1[qz(u; vi)� q�1z�1(u; vi)℄ j v(1)1 ; : : : ; v(1)m i+ mXk=1 ~�(1)k B(1)(u) mYj=1;j 6=kB(1)(v(1)j ) j 
i(1): (69)78



Staggered anisotropy parameter modifi
ation of the Perk-S
hultz modelThe �rst terms in this expressions are the \wanted" terms, while the se
ond terms (with�(1)k , ~�(1)k ) are the \unwanted" terms of the nested problem and should 
an
el ea
h other in theeigenvalue equation (56). Hen
e we 
an write the eigenvalues �(1)(u;v1;:::;vn;v(1)1 ;:::;v(1)m ) of � (1)(u)� (1)(u) j v(1)1 ; : : : ; v(1)m i = [�A(1)(u)�D(1)(u)℄ j v(1)1 ; : : : ; v(1)m i= �24 mYi=1 qz(u; v(1)i )� q�1z�1(u; v(1)i )z(u; v(1)i )� z�1(u; v(1)i ) nYj=1[qz(u; vi)� q�1z�1(u; vi)℄+ mYj=1 q�1z(u; v(1)i )� qz�1(u; v(1)i )z(u; v(1)i )� z�1(u; v(1)i ) nYj=1[z(u; vj)� z�1(u; vj)℄35 j v(1)1 ; : : : ; v(1)m i: (70)Setting now u = vk in (70) and 
omparing it with the 
ondition (60) we obtain the �rst set ofBethe equationsmYi=1 qz(vk; v(1)i )� q�1z�1(vk; v(1)i )z(vk; v(1)i )� z�1(vk; v(1)i ) = [h�1q�1z(vk)� hqz�1(vk)℄N2 [q�1z(vk)� qz�1(vk)℄N2[�h�1z(vk) + hz�1(vk)℄N2 [z(vk)� z�1(vk)℄N2 ;k = 1; : : : ; n: (71)The equations whi
h are obtained from the 
an
ellation of the unwanted terms �(1)k and ~�(1)kmYi=1;i6=k q�1z(v(1)k ; v(1)i )� qz�1(v(1)k ; v(1)i )qz(v(1)k ; v(1)i )� q�1z�1(v(1)k ; v(1)i ) = nYj=1 qz(v(1)k ; vj)� q�1z�1(v(1)k ; vj)z(v(1)k ; vj)� z�1(v(1)k ; vj) ;k = 1: : : : ;m (72)are the se
ond set of Bethe equations.Finally we obtain the eigenvalues of �1(u) and �0(u) from (57) and (58) as�1(u; fvg; fv(1)g) = (�1)n2 nYi=1 1b0(�u; vi) [q�1z�1(u)� qz(u)℄N2 [hq�1z�1(u)� h�1qz(u)℄N2+(�1)n2 nYi=1 1b(�u; vi) [�z(u) + z�1(u)℄N2 [h�1z(u) � hz�1(u)℄N2 ��24 mYi=1 qz(u; v(1)i )� q�1z�1(u; v(1)i )z(u; v(1)i )� z�1(u; v(1)i ) nYj=1[qz(u; vi)� q�1z�1(u; vi)℄+ mYj=1 q�1z(u; v(1)i )� qz�1(u; v(1)i )z(u; v(1)i )� z�1(u; v(1)i ) nYj=1[z(u; vj)� z�1(u; vj)℄35 ; (73)and �0(u; fvg; fv(1)g) = �1(�u; fvg; fv(1)g): (74)A
knowledgmentsThe author thanks D.Arnaudon, A.Sedrakyan and P.Sorba for the formulation of the problemand many fruitful dis
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T. SedrakyanReferen
es[1℄ J. Baxter, Exa
tly solved models in statisti
al me
hani
s, (A
ademi
 Press, London, 1989).[2℄ L. Faddeev and L. Takhtajian, Russian Math. Surveys 34:5 (1979) 11;V. Korepin, N.M. Bogoliubov and A. Izergin, Quantum inverse s
attering method and
orrelation fun
tions (Cambridge Univ. Press, 1993).[3℄ D. Arnaudon, R. Poghossian, A. Sedrakyan and P. Sorba, Nu
l. Phys. B588(2000) 638;D. Arnaudon, R. Poghossian, A. Sedrakyan, T. Sedrakyan, and P. Sorba, Constru
tionof integrable models on ladders and related quantum symmetries. In: Non-perturbativequantum e�e
ts 2000, Paris, September 7-13, 2000 (B. Julia and D. Bernard, eds.), JHEPvol. PRHEP-tmr2000/053.[4℄ J. Ambjorn, D. Arnaudon, A. Sedrakyan, T. Sedrakyan and P. Sorba, hep-th/0006243(2000).[5℄ D. Arnaudon, A. Sedrakyan, T. Sedrakyan and P. Sorba, in preparation.[6℄ A. Kavalov and A. Sedrakyan, Nu
l. Phys. B285 (1987) 264.[7℄ A. Sedrakyan, Nu
l. Phys. B554 (1999) 514.[8℄ L.D. Faddeev, hep-th/9605187 (1996).[9℄ V. Yu. Popkov and A.A. Zvyagin, Phys. Lett. A175 (1993) 295;A.A. Zvyagin, Phys. Rev. B51 (1995) 12579; Low Temp. Phys. 26 (2000) 134.[10℄ A.A. Zvyagin, Phys. Rev. B52 (1995) 15050; Phys. Rev. B57 (1998) 1035,[11℄ H. Frahm and C. R�odenbe
k, Europhys. Lett. 33 (1996) 47.[12℄ X.G. Wen, F. Wil
zek and A. Zee, Phys. Rev. B39(1989) 11413.[13℄ J.H.H. Perk and C.L. S
hultz, Phys. Lett. A84(1981) 407;C.L. S
hultz, Phys. Rev. Lett. 46 (1981) 629.[14℄ H.J. de Vega and E. Lopes, Phys. Rev. Lett. 67 (1991) 489.[15℄ D. Arnaudon, C. Chryssomalakos and L. Frappat, J. Math. Phys. 36 (1995) 5262.[16℄ T. Hakobyan and A. Sedrakyan, Phys. Lett. B377 (1996) 250;A. Avakyan, T. Hakobyan and A. Sedrakyan, Nu
l. Phys. B490 (1997) 633;J. Ambjorn, A. Avakyan, T. Hakobyan and A. Sedrakyan, Mod. Phys. Lett. A13 (1998)495; J. Math. Phys. 41 (1999).[17℄ J. Ambjorn, D. Karakhanyan, M. Mirumyam and A. Sedrakyan, 
ond-mat/9909432(1999).[18℄ A. Foerster and M. Karowski, Nu
l. Phys. B408 (1993) 512;A. Foerster, PhD thesis (FU-Berlin, 1993);H. J. de Vega and A. Gonzales-Ruiz, Nu
l. Phys. B417 (1994) 553;A. Gonzales-Ruiz, Nu
l. Phys. B424 (1994) 468;Rui-Hong Yue, Heng Fan and Bo-yu Hou, Nu
l. Phys. B462 (1996) 167.[19℄ F.H.L. Essler and V. Korepin, Phys. Rev. B46 (1992) 9247.80



Pro
eedings of the workshopLow dimensional integrable models and their appli
ations in �eld theory and statisti
al physi
s(LAPTH, Anne
y, May 2001)
Consisten
y of the bootstrap for Liouville �eld theoryJ. Tes
hnerInstitut f�ur Theoretis
he PhysikFreie Universit�at BerlinArnimallee 14, 14195 Berlin, GermanyAbstra
tI review the (re-)
onstru
tion of Liouville �eld theory based on the quantization ofthe 
lassi
al 
orresponden
e with free �eld theory. The main task is to 
onstru
t generalexponential �eld operators and to verify their mutual lo
ality. The main te
hni
al ingredientfor the latter is the derivation of braid relations for a 
ertain 
lass of 
ovariant 
hiraloperators, whi
h is outlined in this talk.Motivation� Appli
ations: Non
riti
al Strings, models of low-dim. gravity, D-brane physi
s.� Relations to other integrable models (e.g. sinh-Gordon).General perspe
tiveThere are many interesting 2D CFT besides Liouville theory whi
h are expe
ted to have 
ontin-uous spe
trum of representations of 
onformal symmetry (non
ompa
t WZNW, Sine-Liouvilleet
.). One needs new te
hniques to handle the diÆ
ulties asso
iated with the 
ontinuous spe
-trum (no null-ve
tors!). Liouville theory seems to be the natural prototypi
al example to startthe theoreti
al study of su
h CFT, just as� The solution of the minimal models (BPZ) was the starting point for RCFT.� The studies of Lorentz group / SL(2;R) by Gelfand, Naimark and Bargmann were thestarting point for the harmoni
 analysis on non
ompa
t groups.Liouville theory may be seen as a CFT that exhibits strong analogies to the harmoni
 analysisof non
ompa
t groups.The exposition of the results presented below is based on the work [1℄. Further referen
es
an be found there.1 Classi
al solutionClaim: The following statements are equivalent:(i) ' satis�es the 
lassi
al Liouville equation of motion�+��' = �2��
e'(ii) e� 12' satis�es �2+e� 12'(x+;x�) = T++(x+)e� 12'(x+;x�)�2�e� 12'(x+;x�) = T��(x�)e� 12'(x+;x�); (1)This work was partially supported by the INTAS proje
t 99-01459 81



J. Tes
hnerwhere T++ (resp. T��) depend on x+ (resp. x�) only.Proof: (i))(ii): Any '(x+; x�) will satisfy (1) withT��(x+; x�) � 14(��')2 � 12�2�':However, dire
t 
al
ulation shows that ��T�� = 0 if the Liouville equation of motion is satis-�ed.(ii))(i): Equation (1) implies that e� 12' =P2i;j=1 f+i (x+)Cijf�j (x�); where f�i (x�), i = 1; 2are two linearly independent real solutions of �2�f�i = T��f�i , whi
h 
an and will be normalizedsu
h that f�2 ��f�1 � f�1 ��f�2 = 1: (2)W.l.o.g.: Cij = CÆij (by forming linear 
ombinations of the f�i ). By dire
t 
al
ulation using(2) one may then verify that'(x+; x�) = �2 log�p2��
 2Xi=1 f+i (x+)f�i (x�)� (3)satis�es the Liouville equation of motion.Remarks� This means that the solution of the nonlinear Liouville equation of motion 
an be re-du
ed to the integration of the linear equations �2�f�i = T��f�i , where T��(x�) 
an be
onsidered as data, given in terms of either initial or asymptoti
 
onditions. From theseone may then re
onstru
t e� 12'(x+;x�) by solving linear di�erential equations, and �nally' itself by taking the logarithm. Any solution of the Liouville equation is obtained in thisway, and the data T��(x�) 
hara
terize a solution '(x+; x�) uniquely up to an additive
onstant (zero mode).� We are interested in the 
ase where '(�; t) is periodi
, '(� + 2�; t) = '(�; t). It followsthat T��(x�) must also be periodi
. However, the solutions f�i will only be quasi-periodi
f�(x� � 2�) = M� � f�(x�): (4)The Liouville �eld only depends on the 
onjuga
y 
lass of the matrix M . It 
an beshown (Pogrebkov/Polivanov) that the Liouville �eld is regular if and only if TrM > 2,
orresponding to the so-
alled hyperboli
 
onjuga
y 
lasses of SL(2;R) One may thereforeassume that M = diag(e p2 ; e� p2 ).2 Map to free �eldIntrodu
e 'F�(x�) by means of f�1 (x�) � e� 12'F�(x�):'F(x+; x�) � 'F+(x+) + 'F�(x�) is a solution of the free wave equation �+��'F = 0 on the
ylinder. The se
ond solution of �2�f�i = T��f�i 
an also be expressed in terms of 'F�(x�):f�2 (x�) = e� 12'F�(x�) 1e�p � 1 2�Z0 dy� e'�(y�+x�):82



Consisten
y of the bootstrap for Liouville field theoryIt follows that the spa
e PF of solutions to the free �eld equations provides a parameterizationof the spa
e P of solutions to the Liouville equation. Dire
t, but tedious 
al
ulation shows:The 
anoni
al relations f�F'(�); 'F(�0)g = Æ(� � �0) imply f�'(�); '(�0)g = Æ(� � �0): But:The parametrization of P by free �elds is ambiguous!To see this, introdu
e a se
ond free �eld ~'F byf�2 (x�) � e� 12 ~'F�(x�):Sin
e the ex
hanging ~'F $ 'F only amounts to f�1 $ f�2 it follows that'� ~'F� = '�'F�:De�ne an operator S : PF ! PF by S � 'F = ~'F. Then P ' PF=�, where 'F1 � 'F2 i�S � '1 = '2.3 Quantization of the free �eld theoryLet us introdu
e the free �eld �F(�; t) with CCR[�F(�); �t�F(�)℄ = 2�iÆ(� � �0) (5)at time t = 0. Modes are introdu
ed via�F(�; t) = qF + 2pt+Xn6=0 1n�aFne�inx+ + bFne�inx��; (6)and the Hilbert-spa
e will be de�ned asHF � L2(R) 
F 
F ; (7)where F 
 F is the Fo
k-spa
e generated by a
tion of the modes an, bn, n < 0 on the Fo
k-va
uum v that satis�es anv = 0 and bnv = 0, n > 0. We will assume that p is diagonal.3.1 Conformal symmetry:Conformal symmetry is realized on HF by means ofT++(x+) = Xn2ZLFne�inx+ ;T��(x�) = Xn2Z �LFne�inx� ; LFn =(2p+ inQ)an + Xk 6=0;n akan�k;�LFn =(2p+ inQ)bn + Xk 6=0;n bkbn�k:This means that HF de
omposes as the dire
t integral of Fo
k-spa
e representations of theVirasoro algebra: HF ' 1Z�1 dP FP 
 �FP ; (8)where FP (resp. �FP ) denote the Virasoro representations de�ned on F by means of thegenerators LFn (resp. �LFn). 83



J. Tes
hner3.2 Building blo
ks:The basi
 building blo
ks of all 
onstru
tions will be:Normal ordered exponentialsE�(x+) � e�qF exp�Xn<0 2�n aFne�inx+�e2�x+p exp�Xn>0 2�n aFne�inx+�e�qF�E�(x�) � e�qF exp�Xn<0 2�n bFne�inx��e2�x�p exp�Xn>0 2�n bFne�inx��e�qF :S
reening 
hargesQ(x+) � 2�Z0 dy+ Eb(x+ + y+); �Q(x�) � 2�Z0 dy+ �Eb(x� + y�):The normal ordered exponentials 
an be understood as true (unbounded) operators if =(x�) >0 (negative eu
lidean time), or as operator valued distributions for real values of x�.The s
reening 
harges on the 
ontrary represent densely de�ned unbounded operators evenfor x� 2 R. They 
an be seen to have a 
anoni
al self-adjoint extension due to their propertyof positivity. This de�nes �Q(x+)�� and ��Q(x+)�� for � 2 C !The behavior of these operators under 
onformal transformations 
an be summarized by�Ln;E�(x+)� = einx+��i�+ + n��� E�(x+); ��Ln; �E�(x�)� = einx���i�� + n��� �E�(x�);�Ln;Q(x+)� = �ieinx+�+Q(x+); ��Ln; �Q(x�)� = �ieinx��� �Q(x�);3.3 Quantum 
ounterparts of fi, �fi:Let us de�ne the following set of operators:f1(x+) = E� b2 (x+); f2(x+) = e�2�b(p+i b2 )sin(�b(Q� 2ip))Q(x+)f1(x+);�f1(x�) = �E� b2 (x�); �f2(x�) = �f1(x�)�Q(x�) e�2�b(p�i b2 )2 sin(�b(Q+ 2ip)) :The 
orresponden
e with their 
lassi
al 
ounterparts is quite obvious (The shifts of p in thep-dependent pre-fa
tors 
ould be absorbed by 
hoosing a di�erent ordering).It is en
ouraging to note that the operators fi i = 1; 2 satisfy a se
ond order di�erentialequation of a very similar form as their 
lassi
al 
ounterparts:�2+ fi = �b2 : T fi :; i = 1; 2; (9)where the normal ordering of the expression on the right hand side is de�ned as follows:: T fi : =Xn<0 Lne�inx+ fi +Xn>0 f1 e�inx+Ln + 12 �L0f+i + f+i L0���
� 124 � b216� fi:The operators �fi i = 1; 2 satisfy a se
ond order di�erential equation that is obtained by obviousrepla
ements. 84



Consisten
y of the bootstrap for Liouville field theory3.4 Quantum 
ounterpart of e� 12':Let us 
onsider the following operator:V(�; t) = f1(x+) ebq �f1(x�) + �e f2(x+) e�bq �f2(x�):It 
an be shown to satisfy the following properties:a) Conformal 
ovarian
e�Ln;V(�; t)� =e+inx+��i�+ + n�b� V(�; t) ;��Ln;V(�; t)� =e�inx���i�� + n�b� V(�; t) ;b) Equation of motion�2+ V = �b2 : T(x+) V :; �2� V = �b2 : �T(x�) V : ;
) Lo
ality 
 2j � V(f) ; V(f 0) � j 1� = 0 ;d) Positivity h jV(f) j i > 0 ;where j i, j 1i, j 2i are taken from a dense subset of HF and the smeared operator V(f)is de�ned as V(f) � RS1 d� f(�)V(�). Properties a) and b) are obvious. Lo
ality isproved by using the ex
hange relations of the operators fi, �fi that follow those dis
overed byGervais/Neveu.These properties strongly support the identi�
ation:V(�) � [e�b�℄b(�);whi
h identi�es V(�) as quantum 
ounterpart of e� 12' taking into a

ount ' = 2b�.4 Re
e
tion operatorRe
all: Liouville phase spa
e was parameterized by the free �eld phase spa
e in an ambiguousway. An unambiguous parameterization is obtained by identifying 
on�gurations related bythe operator S: 'F1 � 'F2 i� S['1℄ = '2.The quantum analogue of S should be an operator S on HF that maps p to �p but leaves[e�b�℄b un
hanged, S�1 � [e�b�℄b � S = [e�b�℄b: (10)Then H = fj i 2 HF; (1� S)	 = 0g: (11)Compatibility with 
onformal symmetry:S � LFn(p) = LFn(�p) � S: (12)Sin
e the Fo
k-spa
e representations FP and F�P are unitarily equivalent, one has a uniqueoperator S(P ) : F 
 F ! F 
F that satis�es (12) and S(P )v = v. ThereforeS = P �R(p)S(p) ; (13)85



J. Tes
hnerwhere P denotes the parity operation in L2(R) 
 F , P (P ) =  (�P ). One may then showthat there exists a unique 
hoi
e of the fun
tion R(P ) that was introdu
ed in (13) su
h that(10) is satis�ed as well:R(P ) = ���e�2(b2)�� 2iPb �(1 + 2ibP )�(1 + 2ib�1P )�(1� 2ibP )�(1 � 2ib�1P ) : (14)5 General exponential operators. Abstra
t de�nitionWe would like to de�ne [e2��℄b(�) as something like [e�b�℄b � V raised to the power �2�. This isof 
ourse a nontrivial thing to do in the 
ase of lo
al operators. However, the usual exponentialfun
tion is the unique solution to the fun
tional equation exp(x) exp(y) = exp(x + y). Thismotivates:Definition. Let V�(�) be a family of operators that has the propertiesi) There exists a 
omplex number � su
h that�V� ? V��(�) � lim�0!����0 � ����V�(�0)V�(�)exists and satis�es �V� ? V��(�) = V�+�(�):ii) Ea
h two operators V�(�) and V�(�) are mutually lo
al:� V�(�0) ; V�(�) � = 0:iii) V�(�) redu
es to V(�) for � = � b2 .We then 
all V�(�) a renormalized power fun
tion of V, in symbols V�(�) � V�2�(�).It is then natural to identify V�(�) � [e2��℄b(�);as will be substantiated in the following.6 General exponential operators. Con
rete realizationLet us now 
onsider the operatorV�(t; �) � ZiR ds �se Bb(�; s) f�s (x+)T�s �f�s (x�);where� T�s � e�2(�+bs)q,� the b-binomial 
oeÆ
ients Bb(�; s) are given byBb(�; s) = Sb(�bs)Sb(2�+ bs)Sb(2�) ;where the spe
ial fun
tion Sb(x) is de�ned aslog�Sb(x)e�i2 (x2�Qx+16(b2+3+b�2))� = ZR+i0 dtt ext(1� ebt)(1� et=b) :86



Consisten
y of the bootstrap for Liouville field theory� The operators f�s (x+), �f�s (x�) 
an be represented expli
itly as follows:f�s (x+) � e�2�bs(p+i b2 ) Sb(Q� 2ip)Sb(Q� 2ip+ bs)�Q(x+)�sE�(x+) ;�f�s (x�) � �E�(x�)��Q(x�)�s Sb(Q+ 2ip)Sb(Q+ 2ip+ bs)e�2�bs(p�i b2 ) :Remark: Sb is known under various names: \Double Sine fun
tion" (Barnes/Shintani),\Quantum Dilogarithm" (Faddeev/Kashaev), \Quantum Exponential fun
tion" (Woronowi
z).It seems that these people have dis
overed this remarkable fun
tion independently.7 Comments7.1 Corresponden
e to 
lassi
al expressione�'(�;t) = �f1 �f1 + 2��
f2 �f2��2�: (15)Let us note that at least for � > 0 one has a useful representation of (15) as sum of imaginarypowers of fi �fi: e�'(�;t) = i2� ZiR ds (2��
)s �(s+ 2�)�(�s)�(2�) f�s (x+) �f�s (x�);where f�s = f s2f�2��s1 , �f�s = �f s2 �f�2��s1 . This expansion is related to the binomial expansion bywriting the integral as sum over residues. However, it has advantages for quantization:The essential point is 
aptured by the following example: Consider the operator v� ofmultipli
ation by the fun
tion h�(q) � (e q2 +e� q2 )�2� on L2(R) in the 
ase that <(�) > 0. v� isa ni
e, bounded operator on L2(R) sin
e h�(q) behaves asymptoti
ally as h�(q) � e��jqj. Nowlet us try to represent this operator by using the usual binomial expansion:v� = e�q 1Xn=0 (�)n�(n+ 2�)�(2�)�(n+ 1) enq (16)whi
h represents the operator on wave-fun
tions with support on the negative half-axis only.The domain in whi
h (16) serves to represent the operator v� is not even dense in L2(R)!7.2 Relation with 
anoni
al quantizationRe
over Liouville �eld and its 
anoni
al momentum as�(�) = 12��V�(�)j�=0; ��(�) = 14��t���V�(t; �)j�=0�t=0:It 
an be shown to satisfy weakly (within matrix elements)� Liouville equation of motion (�2t � �2�)� = �4��b [e2b�℄b:� Canoni
al 
ommutation relations��(�) ; ��(�0)� = iÆ(� � �0):87



J. Tes
hner7.3 Relation with DOZZ-proposalDorn/Otto and the brothers Zamolod
hikov [2, 3℄ proposed a formula for the VEV of threeoperators V�. This is equivalent to the knowledge of matrix elements of an operators V�between highest weight states of the Virasoro algebra:hP2jV�(�)jP1i = C�Q2 � iP2; �; Q2 + iP1�: (17)The formula for C(�3; �2; �1) that was proposed by DOZZ reads:C(�1; �2; �3) = h��
(b2)b2�2b2i(Q�P3i=1 �i)=b�� �0�(2�1)�(2�2)�(2�3)�(�1 + �2 + �3 �Q)�(�1 + �2 � �3)�(�2 + �3 � �1)�(�3 + �1 � �2) :Our previous de�nition for V� gives pre
isely (17).) Proof of the DOZZ-proposal!8 Covariant 
hiral operatorsIntrodu
e the operators g�s (x+) = E�(x+)�Q(x+)�s:The following two results are the main te
hni
al ingredients to our proof of the DOZZ-proposal.Normalization: The matrix elements of operators g�s between primary states for the Virasoroalgebra are given ashP 0jg�s (x+)jP i = Æ�P�s � P 0� eix+(�(P 0)��(P ))G�s (P );where P�s � P � i�� ibs andG�s (P ) = ��(1 + b2)b�1�b2�se2�bsP e��ib2s2 �� �b(Q� 2iP � 2�� sb)�b(Q+ 2iP + sb)�b(Q� 2� � sb)�b(Q+ sb)�b(Q� 2iP � 2�� 2sb)�b(Q+ 2iP )�b(Q� 2�)�b(Q) :Braid relations: The operators g�s satisfy braid relations of the formg�2s2 (�2)g�1s1 (�1) = 14 ZT dt2dt1 g�1t1 (�1)g�2t2 (�2) B�(�2; �1jp)s2s1t2t1 ;where T � �Q2 + iR and � � sgn (�2 � �1). The distributional kernel B�(�2; �1jp)s2s1t2t1 hassupport for t2 + t1 = s2 + s1 only.9 Derivation of braid relationsConsider 
ase �i 2 Q2 + iR, si 2 �Q2 + iR, ti 2 �Q2 + iR, i = 1; 2. The general 
ase 
an beobtained by analyti
 
ontinuation. 88



Consisten
y of the bootstrap for Liouville field theory9.1 Step 1: Reformulation via Weyl-type operatorsNi
e tri
k introdu
ed by Gervais/S
hnittger: Consider the 
ase �2 < �1 $ � = �1. Let ussplit Q(�) = Q
I +QI , Q(�0) = Q
I +Q0I , whereQ
I � �+2�Z�0 d' Eb('); QI � �0Z� d' Eb('); Q0I � �0+2�Z�+2� d' Eb('):Ex
hange relations E�2(�2)E�1(�1) = e�2�i�2�1�(�2��1)E�(�1)Eb(�2);) braid relations are equivalent to the following identity:e4�i�2�1�e�2�ib�1Q
I + e2�ib�1QI�s2�Q
I +Q0I�s1 == ZT dt2dt1 �e�2�ib�2Q
I + e�6�ib�2Q0I�t1�Q
I +QI�t2 B�(�2; �1jp)s2s1t2t1 :The operators QI , Q0I , Q
I satisfy the following algebra:Q
IQI = q�2QIQ
I ; Q
IQ0I = q+2Q0IQ
I ; QIQ0I = q4Q0IQI ;where q = e�ib2 . It follows that these operators 
an be realized asQ
I = e2bxe��ibt; QI = ebxe�2�bpebxe�ibt; Q0I = ebxe2�bpebxe�ibt;where x and p satisfy [x; p℄ = i2 and t 2 iR 
ommutes with x; p.9.2 Step2: Ordering the operatorsTranslate braid-relations into a relation that only 
ontains 
ommuting quantities: This be
omespossible thanks to identities su
h as�e�2�ib�1Q
I + e2�ib�1QI�s2 = e2bs2qe��bs2(p�is2 b2 )Sb�Q2 + 2�1 + ip+ s2b+ t�Sb�Q2 + 2�1 + ip+ t� ;whi
h follow quite easily from Sb(x+ b) = 2 sin(�bx)Sb(x). These identities allow one to 
olle
tall x-dependent fa
tors to the left of the terms 
ontaining p. The desired identity will thereforefollow on
e one has shown thate�i2 b2(s22�s21)e�ib2s1s2e�b(s1�s2)p Sb�Q2 + ip+ 2�1 + (s2 + s1)b+ t�Sb�Q2 � ip+ t�Sb�Q2 + ip+ 2�1 + bs1 + t�Sb�Q2 � ip� bs1 + t� == ZT dt2dt1 B�(�2; �1jp)s2s1t2t1 e�4�i(�1+bt1)�2e�i2 b2(t22�t21)e��ib2t1t2e�b(t1�t2)p�� Sb�Q2 + ip+ 2�2 + (t2 + t1)b� t�Sb�Q2 � ip� t�Sb�Q2 + ip+ 2�2 + bt2 � t�Sb�Q2 � ip� bt2 � t� :It is furthermore 
onvenient to take the Fourier-transformation w.r.t. the variable t of thisidentity. Let us introdu
e��(A;B;C; y) = ZR d� e2�i�y ~��(A;B;C; �);89



J. Tes
hnerwhere ~��(A;B;C; �) � Sb�Q2 + i(� +A)�Sb�Q2 + i(� +B)�Sb�Q+ i(� � C + �+ i0)�Sb�Q+ i(� � C � �+ i0)� ;with real parameters A;B;C . The desired identity thereby takes the forme4�i(�1+bs)�2e�ib2(s2�s21)e2�b(s1�s)p��(A1; B1;C1; y) == ZT dt2dt1 B�(�2; �1jp)s2s1t2t1 e4�ibt2�2e�ib2t22e�2�bt2p��(A2; B2;C2;�y);with s = s1 + s2 = t1 + t2.9.3 Step 3: Exploiting the 
ompleteness of the ��In [4℄ it is found that for any 
hoi
e of A;B;C 2 R the set f��(A;B;C; y);� 2 R+g forms abasis for L2(R) withZR dy ���(A;B;C; y)����0(A;B;C; y) = Æ(�� �0)jSb(Q+ 2i�)j2 :This means that in the 
ase �i 2 Q2 + iR, si 2 �Q2 + iR, ti 2 �Q2 + iR, i = 1; 2, the sought-forrelation is nothing but a 
hange of basis:from f��(A1; B1;C1; y);� 2 R+g to f��(A2; B2;C2;�y);� 2 R+g;with kernel B�(�2; �1jp)s2s1t2t1 given in terms of the overlapZR dy ���(A1; B1;C1; y)����0(A2; B2;C2;�y):The rest of the 
al
ulation is straightforward. The result 
an be written asB�(�2; �1jP )s2s1t2t1 = Æst e�AeBjSb(2C)j2 ZiR ds 4Yi=1 Sb(s+Ri)Sb(s+ Si) ;where Æst � Æ(s1 + s2 � t1 + t2), A, B, and C are given asA = �ib2(s21 + t22 � s2)� 2�bP (s1 + t2 � s)� 2�ib�(s� t2)�2 + (s� s1)�1�;B = 2�ib�(s� t2)�2 � (s� s1)�1�; C = �iP � �2 � bt2;and the 
oeÆ
ients Ri and Si, i = 1; : : : ; 4 are de�ned byR1 =Q2 � 2�2 � iP � b(t1 + t2);R2 =Q2 + 2�1 + iP + b(s1 + s2);R3 =Q2 + iP;R4 =Q2 � iP; S1 =3Q2 � 2�2 � iP � bt2;S2 =Q2 + 2�1 + iP + bs1;S3 =3Q2 + iP + bt2;S4 =Q2 � iP � bs1:90



Consisten
y of the bootstrap for Liouville field theory10 Lo
alityTo 
omplete the proof of lo
ality one may pro
eed via the following steps:� Express the braid-
oeÆ
ients B�(�2; �1jP )s2s1t2t1 in terms of the b-Ra
ah-Wigner symbols[4℄ � �1 �2�3 ��4 �� �s�t 	b:The b-Ra
ah-Wigner symbols are analogs of the usual Ra
ah-Wigner symbols where therole of the rotation group is played by the quantum group Uq(sl(2;R)) (Faddeev [5℄:\modular double").) \Modular double": Internal symmetry of Liouville theory!� Use (part of) tetrahedral symmetry� �2 �1��4 ��3 �� �s��t 	b = � �1 �2�3 �4 �� �s�t 	b:(Follows from representation theory of Uq(sl(2;R)).� Lo
ality be
omes equivalent to the following unitarity relation:ZS d�s Mb(�s) � �1 �2�3 �4 �� �s�t 	b� ��1 ��2��3 ��4 �� ��s��0t 	b = Mb(�t) Æ(�t � �0t);where ��i = Q� �i, �t; �t 2 S, and the measure Mb(�) is given byMb(�) = jSb(2�)j2 = �4 sin(�b(2� �Q)) sin(�b�1(2� �Q)):Referen
es[1℄ J. Tes
hner, hep-th/0104158 (2001).[2℄ H. Dorn and H.J. Otto, Nu
l. Phys. B429 (1994) 375{388.[3℄ A.B. Zamolod
hikov and Al.B. Zamolod
hikov, Nu
l. Phys. B477 (1996) 577{605.[4℄ B. Ponsot and J. Tes
hner, math.QA/0007097 (2000).[5℄ L.D. Faddeev, math.QA/9912078 (1999).
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Pro
eedings of the workshopLow dimensional integrable models and their appli
ations in �eld theory and statisti
al physi
s(LAPTH, Anne
y, May 2001)
Separation of variables for integrable systemson the Poisson manifoldsA.V. TsiganovDepartment of Mathemati
al and Computational Physi
sInstitute of Physi
s, St.Petersburg UniversitySt.Petersburg, 198904 RussiaAbstra
tA systemati
 way for realizing integrable hamiltonian system on 
oadjoint orbits of Liealgebras is provided by the Classi
al Inverse S
attering Method [6℄, whi
h is a workingma
hine to produ
e examples of 
lassi
al integrable systems together with their solutions.One of the the key points of this method is duality between the integrals of motion and theCasimir elements in the underlying hidden symmetry algebra.The aim of this paper is to show that the same Casimir elements not only give riseintegrals of motion but they 
an generate the separated variables for this family of integrals.1 Introdu
tionLet us 
onsider some 2n-dimensional symple
ti
 manifold (M;
) endowed with a symple
ti
form 
. The Hamilton-Ja
oby equationQ2n�1 : H �E = 0 ; E 2 R ;is a hyperplane Q2n�1 in M [10, 1℄. Solution of this equation is an n-dimensional Lagrangiansubmanifold F lying on hyperplane Q2n�1. By de�nition, a Lagrangian submanifold is onewhere the symple
ti
 form 
 vanishes when restri
ted to it, i.e. 
jC = 0.Integrable system on M is de�ned by n fun
tionally independent integrals of motion Ij .The inverse images \I�1j (�j) of the 
orresponding moment map is Lagrangian submanifold F .Thus, any integrable system is asso
iated with the Lagrangian �bration �i : M! An whose�bers F are Lagrangian submanifolds depending at least on the n arbitrary parameters �j ,whi
h are identi�ed with values of integrals of motion Ij = �j [10, 1℄.Let us 
onsider the Poisson manifold (M;P) with degenerate Poisson form P. Any Poissonmanifold turns out to be foliated in symple
ti
 leaves or minimal Poisson submanifolds Sa forwhi
h the indu
ed Poisson stru
ture is nondegenerate. This foliation �
 : M ! Am may bedes
ribed by the Casimir fun
tions whose restri
tions to symple
ti
 leaves Sa are 
onstants.So, �xing the values of Casimirs provides a rough 
lassi�
ation of symple
ti
 leaves, althoughit is not true in general that di�erent symple
ti
 leaves are separated by the Casimirs.Thus, for an integrable system on the Poisson manifolds we 
an 
onsider 
omposition offoliations � = �i Æ�
 :M!An+m whose �bers F depend on the n values of integrals of motion�j and m values ai of the Casimirs. Using some additional assumptions on foliation � we 
ande�ne 
anoni
al symple
ti
 
onne
tion r, whi
h gives rise parallel translations T
 of �bers Funder some smooth 
urve 
 in base An+m.Let a given integrable system onM and the 
orresponding separated variables are invariantwith respe
t to translations T
 , i.e. separated variables are independent on the values ofintegrals �j and values of the Casimirs ai. In this 
ase rN , where r is symple
ti
 
onne
tion92 This work was partially supported by the INTAS proje
t 99-01459



Separation of variables for integrable systems on the Poisson manifoldson � and N is the Nijenhuis tensor, whi
h eigenvalues are the separated variables [2℄. Thus,we suppose that the separated variables may be expli
itly de�ned using these translations T
 .In this paper we proof this proposition for some examples. The general geometri
 
onstru
tionwill be studied in forth
oming publi
ation.For the separable integrable systems on the Poisson manifold the Lagrangian submanifoldsF ' C(n) : C1 � C2 � � � � � Cn �Am � Rm (1.1)are produ
t of n plane 
urves Cj, whi
h may be de�ned expli
itlyCj : �j (�j; �j ; �1; : : : ; �n; a1; : : : ; am) = 0 : j = 1; : : : ; n : (1.2)Here (�j ; �j) are 
oordinates on the j-th plane. Below we shall drop these indexes in notations.In the inverse s
attering method we usually study the Lax form of the equations of motionfH;Lg = [L;A℄ ;where L and A are matrix valued fun
tions on M. The 
oeÆ
ients of the 
hara
teristi
polynomial of Lax matrix L are integrals of motion and Casimir fun
tions. If the given Laxmatrix L(�) depends on the se
ond spe
tral parameter � then the 
hara
teristi
 equationdet(�� L(�) ) = �(�; �; �1 : : : ; �n) = 0 (1.3)de�nes only one plane 
urve C. The 
orresponding Lagrangian submanifoldC(n) : Symn(C)�Am � Rmis a symmetri
 produ
t of this spe
tral 
urve of the Lax matrix. It allows us to identifyLagrangian foliation with aÆne variety of C and to swit
h on the powerful algebrai
-geometri
ma
hinery [5, 3, 9℄. In this 
ase, phase spa
e M may be regarded as a �ber bundleM!An+m.The �bers are (generalized) Ja
obians of these 
urves [3, 9℄.2 Separation of variablesLet fpi; qigni=1 are some lo
al 
oordinates on the phase spa
eM. In the separation of variablesmethod [1, 7℄, we are looking for a spe
ial 
anoni
al transformation (p; q) 7! (P;Q) su
h thatseparated variables have to satisfy to the separated equations�j �Pj ; Qj; I1(P;Q); : : : ; In(P;Q)� = 0 ; j = 1; : : : ; n : (2.1)These equations may be obtained from the equations of the plane 
urves (1.2) after substitutionof the integrals of motion Ij(P;Q) as fun
tions of the separated variables instead of their values�j and separated variables (P;Q) instead of variables (�; �).We have to emphasize that variables � and � are 
omplex variables related by numeri
equation (1.2). The separated variables Pi andQi are 
anoni
al 
oordinates ofM. Constru
tingthe separated equations (2.1) we have to understand that numeri
al parameters �j and plane
oordinates � = �(Pi; Qi) and � =  (Pi; Qi) be
ome some fun
tions on M.Thus, in the separation of variables method two related problems might be distinguished. At�rst we must determine de
omposition of the Lagrangian submanifold C(n) (1.1) on a produ
tof some plane 
urves. At se
ond we have to introdu
e 
anoni
al separated variables fPi; Qigni=1satisfying to the 
orresponding separated equations (2.1).93



A.V. TsiganovThe aim of this note is to dis
uss how to solve the se
ond problem if we know solution ofthe �rst problem. Below we shall 
onsider Lagrangian submanifolds depending on the n +marbitrary parameters. As above the n 
onstants �1; : : : ; �n are identi�ed with the values ofintegrals of motion Ij = �j [10℄. These integrals Ij depend on the remaining 
onstants ak(
harges or 
oupling 
onstants)Ij(p; q; a) = Ij(p1; : : : ; pn; q1; : : : ; qn; a1; : : : ; am) ; ak 2 R : (2.2)Let us substitute fun
tions Ij(p; q) instead of their values �j into the known equations of theplane 
urves (1.2)�j(�; �; I1(p; q; a); : : : ; In(p; q; a); a1 : : : ; am) = 0 ; j = 1; : : : ; n : (2.3)We 
an 
onsider these equations by di�erent values of parameters, for instan
e by ak=0�j(�; �; I1(p; q; a); : : : ; In(p; q; a); a1 : : : ; am)j a=0 = 0 ; (2.4)either di�erentiate these equations by parameters ak��ak �j ��; �; I1(p; q; a); : : : ; In(p; q; a); a1 : : : ; am � = 0 ; k = 1; : : : ;m : (2.5)The enlarged system of equations (2.3-2.5) may be useful for expli
it 
onstru
tion of the sepa-rated variables.Proposition 1 If the desired 
anoni
al transformation of variables (p; q) 7! (P;Q) is indepen-dent on parameters ak, then the solutions of equations (2.3-2.5) are separated variablesQi = fi(p; q) ; Pi = gi(p; q) ; i = 1; : : : ; n; (2.6)as fun
tions of initial variables (p; q).Here we suppose that the generating fun
tion of the unknown 
anoni
al transformation(p; q) 7! (P;Q) is independent on parameters ak. Clearly, if we 
an 
al
ulate solutions ofequations (2.3-2.5) then we 
an 
he
k that these solutions are independent on parameters andthat they are 
anoni
ally 
onjugated.As an example let us 
onsider two-dimensional Kepler problem. The 
orresponding La-grangian manifold C(2) = C1 � C2 depends on two values of integrals of motionI1 = p2x + p2y + Zpx2 + y2 ; I2 = 2px(px y � py x) + Zypx2 + y2 :and the arbitrary value of the 
harge Z. We 
an substitute fun
tions Ik(px; x; py; y) insteadtheir values �k into the equations of the 
orresponding plane 
urvesC1; 2 : �1; 2(�; �) = ��2 + �1�+ Z � �2� = 0 ; I1 = �1 I2 = �2and di�erentiate these equations by Z. Solutions of the resulting system of algebrai
 equationsare usual paraboli
 
oordinates��Z�1; 2(�; �) = 0 ; , �1; 2 = y �px2 + y2 ;whi
h are independent on the 
harge Z.In the proposed 
onstru
tion of separated variables the main problem is related with exis-ten
e of the additional arbitrary parameters ak. For integrable hamiltonian system on 
oadjointorbits of Lie algebras values of the Casimir operators may be 
onsidered as these ne
essary pa-rameters. Re
all, that the Casimir operators give rise a strati�
ation of the underlying phasespa
e M on usually equivalent symple
ti
 leaves. Sin
e, we 
an suppose that the desiredseparated variables are independent on the "numbers" of symple
ti
 leaves.94



Separation of variables for integrable systems on the Poisson manifolds3 The Neumann systemLet us 
onsider motion of a parti
le on the (n�1)-dimensional sphere Sn�1 under the a
tion ofa quadrati
 potential (see [6℄ and referen
es within). If x; p are 
anoni
al variables on T �Sn�1then the 
orresponding Lax representation is given byL(�) = A+ J�+X�2 ; J = p ^ x ; X = x
 x : (3.1)Here A = diag(a1; : : : ; an) is arbitrary numeri
al diagonal matrix and the Hamilton fun
tionreads as H = 12X p2j �X ajx2j :When n = 3 this system bears the name Neumann system.The 
orresponding phase spa
e may be identi�ed with 
oadjoint orbits of Eu
lidean Liealgebras [1℄. Let two ve
tors J 2 so(3) ' R3 and x 2 R3 be 
oordinates in the dual spa
e e�(3)equipped with a natural Lie-Poisson bra
kets�Ji ; Jj 	 = "ijk Jk ; �Ji ; xj 	 = "ijk xk ; �xi ; xj 	 = 0 ; i; j; k = 1; 2; 3; : (3.2)Here "ijk is the standard totally skew-symmetri
 tensor.The Poisson stru
ture is degenerate and the initial phase spa
e e�(3) de
omposes intominimal Poisson submanifolds for whi
h the indu
ed Poisson stru
ture is non-degenerate. Thegeneri
 
oadjoint orbits of E(3) in e�(3) are four dimensional symple
ti
 leaves spe
i�ed by thetwo se
ond order Casimir elementsI1 = (x; x) = xixi; I2 = (J; x) = Jixi : (3.3)Here (x; y) means inner produ
t in R3 . Thus the dual spa
e e�(3) de
omposes into the 
oadjointorbits Ob; 
 = nfJ; xg 2 R6 : I1 = b ; I2 = 
o (3.4)whi
h are invariant with respe
t to the usual Euler-Poisson equations in e�(3) [1, 6℄. TheNeumann system is a 
ompletely integrable system on the one-parameter subset of orbits Ob(I1 = b ; I2 = 0) in e(3)�.For the Neumann system we 
an 
onsider motion on the di�erent spheres S2b with radiusI1 = b, i.e. we 
an 
onsider di�erent orbits labeled by one parameter b. To 
onstru
t equations(2.3-2.5) we have to determine restri
tion of integrals of motion to symple
ti
 leaves. Insteadof it we shall use s
aling transformation x ! pb x whi
h relates di�erent orbits Ob, 
hangesintegrals of motionI3 = J21 + J22 + J23 + b�(a3 + a2)x21 + (a1 + a3)x22 + (a1 + a2)x23� ;I4 = a1J21 + a2J22 + a3J23 + b�a2a3x21 + a1a3x22 + a1a2x23� ;transforms the 
orresponding Lax representationL(�)! L(�; b) = A+ J�+ bX�2 ;and modi�es the spe
tral 
urveC : �(�; �) = (�� a1)(�� a2)(�� a3)�2 + � I3 � I4 � b��2 I1 + �2 I22� = 0 :Su
h modi�
ation of the spe
tral 
urve allows us to 
onsider this transformation as a s
alingtransformation of the Casimir fun
tions I1 ! b I1 and I2 !pb I2.95



A.V. TsiganovProposition 2 Solutions of the following system of equations (2.3-2.5)det�L(�; b)� �� = 0 ; � det�L(�; b) � ���b = 0 : (3.5)are separated variables for the Neumann system.The last equation in the system (3.5) looks like3Yj=1(�� aj)� x21�� a1 + x22�� a2 + x23�� a3� = 0 :It is well-known de�nition of the ellipti
al spheri
al 
oordinates. These 
oordinates are sepa-rated variables for the Neumann system [5℄.Noti
e that third additional equation (2.4) is equal todet�L(�; b = 0)� �� = det�L(�; b)� ��� b � det�L(�; b) � ���b = 0 (3.6)and the Lax matrix L(�; b = 0) may be asso
iated with the Euler top.4 On the stationary 
ow of the KdV hierar
hyThe separation of variables for 
onstrained 
ows of soliton equation has been studied, forinstan
e in [4, 11℄. Below we shell 
onsider the KdV hierar
hy only.Let fe; f ;hg be generators of the Lie algebra sl(2)[h; e℄ = e ; [h; f ℄ = �f ; [e; f ℄ = 2h ; (4.1)and the element � = h2 + 12(ef + fe) (4.2)of the universal enveloping algebra be Lapla
e operator in SL(2). Let us 
onsider in�nite-dimensional irredu
ible representation Wj of the Lie algebra sl(2) in the linear spa
e Vj su
hthat Wj : fe; f ;hg ! fej ; fj ; hjg 2 End(Vj) :Using these representations and an appropriate 
ompletion of the dire
t sum of n+1 
opies ofthe loop algebra sl(2; �) we 
an 
onstru
t the following multi-pole Lax matrixL0(�) = � 0 10 0 �+ nXj=1 12(�� dj) � hj ejfj �hj � (4.3)in framework of the 
lassi
al r-matrix theory [6℄.Below we shall 
onsider in�nite-dimensional representations of sl(2) in whi
h spe
trumsof all the Casimir elements are 
ontinuous. In this 
ase the 
orresponding 2n-dimensionalLagrangian foliation is given byC(2n) : n timesz }| {C � � � � � C � n timesz }| {R � � � � � R ;96



Separation of variables for integrable systems on the Poisson manifoldswhere C is a spe
tral 
urve of the Lax matrixC : �2 + h(�)2 + e(�) f(�) = �2 + P (�; I1; : : : ; In) + nXj=1 �k(�� dk)2 = 0 :Here h(�), f(�) and e(�) are entries of the Lax matri
es L0(�) (4.3) and expli
it expressionsfor the fun
tion P and integrals I1; : : : ; In may be founded in [8, 11℄.This general 
onstru
tion is an ample sour
e of examples of integrable systems. Any 
on-
rete realization of the sl(2) is related with the family of integrable systems. For instan
e, thefollowing realization of the in�nite-dimensional representation of sl(2)hi = xipi ; ei = x2i ; fi = �p2i + aix2i ; ai 2 R (4.4)may be asso
iated to standard 
onstrained 
ows and with the geodesi
 motion on the Riemannmanifolds with the St�a
kel metri
s [8℄.To study hight-order binary 
onstrained 
ows we have to use so-
alledm-bosoni
 realizationof the in�nite-dimensional representation of sl(2) instead of the one-bosoni
 realization (4.4).As an example, two-bosoni
 realization looks likehi = 12(xipx; i � yipy; i) ; ei = xi py; i ; fi = yi px; i : (4.5)The �rst realization of sl(2) (4.4) is embedding of the symple
ti
 manifold R2n into the PoissonmanifoldM = �sl(2)� and, therefore, the Casimir elements �i (4.2) des
ribe trivial dynami
s.Moreover, all the integrals of motion depend on values ai of these Casimir elements �i. Usingparameters ai we 
an 
onstru
t the following system of equations (2.5)��ak ���; �; �; a�= 0 , �f(�)�ak e(�) = 0 :Zeroes of the great 
ommon divisor e(�) of these equations 
oin
ide with poles of the 
orre-sponding Baker-Akhiezer fun
tion normalized on ve
tor ~� = (1; 0). Here we have expli
itly npoles and we 
an introdu
e 2n separated variables.The two-bosoni
 realization of sl(2) (4.5) des
ribes immersion of the Poisson manifoldM = �sl(2)� into the symple
ti
 manifold R4n . Sin
e, the �rst n integrals of motion Ijdes
ribe potential motion on the Riemann manifold with the St�a
kel metri
s, whereas remainingn integrals In+j = (xjpxj + yjpy;j)24 ; j = 1; : : : ; nare Casimir elements �j (4.2). In 
ontrast with the previous example these fun
tions In+jdes
ribe non-trivial dynami
s on the 4n-dimensional symple
ti
 manifold R4n .The initial Poisson stru
ture on M is degenerate. A possible way to analyze integrabilityis to eliminate the Casimir elements of the Poisson tensor by �xing the values of its Casimirs.On a level surfa
e Sb fun
tions In+j = bj the Poisson stru
ture be
omes non-degenerate.Let us 
onsider restri
tion of initial phase spa
e to Sb. On the ea
h leaf the n-dimensionalLagrangian foliation depends on n values of integrals Ij and n parameters bj . It allows us toapply the proposed method for 
onstru
tion of the separated variables.Proposition 3 Solutions of the following system of equations���; �; bI1; : : : ; bIn; b� = 0 ; ��bk ���; �; bI1; : : : ; bIn; b� = 0 (4.6)are separated variables. Here bIj are restri
tions of the integrals Ij to generi
 leaf Sb.97



A.V. TsiganovTo prove this proposition we 
an start with the following equations [11℄fIn+j ; e(�)g = fIn+j ; h(�)g = 0 ;whi
h are preserved by redu
tion pro
edure. Sin
e, using redu
tion of the Lax matrix L(�) toSb, we 
an rewrite equations (2.5) at the following form�f(�)�bk e(�) = 0 , e(�) = 0 :As above, zeroes of the great 
ommon divisor e(�) of these equations 
oin
ide with poles of the
orresponding Baker-Akhiezer fun
tion normalized on ve
tor ~� = (1; 0).Let us turn ba
k to the initial 4n-dimensional manifold R4n . By de�nition of the �rst2n separated variables (4.6) the Poisson bra
kets between Casimir elements In+j and theseseparated variables are equal to zero. So, to 
onstru
t a 
omplete family of separated variableson the initial 4n-dimensional phase spa
e we 
an join 2n solutions of (4.6) with n Casimirelements In+j and n 
onjugated to them variables. For this additional variables the separatedequations are equal to Pn+j = In+j.5 Stationary 
ow of the Boussinesq hierar
hyThis example was 
onsidered within a general framework for the analysis of stationary 
ows ofn-Gel'fand-Di
key hierar
hies [2℄. A

ording to this work we introdu
e 10-dimensional PoissonmanifoldM with 
oordinates h1; k1; h2; k2; : : : ; h5; k5 and with the following Poisson tensor
P0 =

0BBBBBBBBBBBBBBBBBBBBBB�
0 0 0 0 0 0 0 0 �1 00 0 0 0 1 0 0 0 00 0 0 1 1 0 0 00 1 0 0 0 0 00 0 0 �h1 �2h1 �k1 � h20 �h1 �2k1 �k1 � h2 �2k20 0 �2h2 �k20 �k2 00 00

1CCCCCCCCCCCCCCCCCCCCCCA :
This Poisson stru
ture is degenerate and two Casimir elementsI1 = 3k5 � 3k1k2 � 3k2h2 ; I3 = �3h1k2 + 3k4 � 3k21 : (5.1)des
ribe trivial dynami
s fI1;3; hjg = fI1;3; kjg = 0. On this phase spa
e we 
onsider integrablesystem with the following Lax matri
esL(�) = �2 0� 0 0 01 0 00 1 0 1A+ �0� 0 0 1h2 h1 0�h3 + k2 k1 � h2 �h1 1A (5.2)+ 0� �k3 �k2 �k1L210 �h2h1 + h4 �h21 + h3L310 L320 h2h1 � h4 + k3 1A ;98



Separation of variables for integrable systems on the Poisson manifoldswhere L210 = �h1k2 + k4 � k21 � h1h3 + h5 ; L320 = �k1h2 + h22 � h5 + 2k4 � k21 ;L310 = h1k3 � 2h1h4 + 3k5 + h2h21 � 2k1k2 � 2k1h3 + h21k1 � 2k2h2 + h2h3 :The se
ond matrix of the Lax pair may be founded in [2℄. This Lax representation may beobtained using the Lax formulation for the Boussinesq hierar
hy or applying general r-matrixtheory to the loop algebra sl(3; �) [2℄.The spe
tral 
urve of this Lax matrix (5.2)�(�; �) = �3 � � (I1�+ I2)� (�5 + I3�3 + I4�2 + I5�+ I6) = 0 (5.3)depends on two Casimir elements and on four integrals of motion. The expli
it expression forthe Hamilton fun
tion isI2 = k23 + 2h1h4k1 � h1k3k1 + h3k21 � 2h3k1h2 + 3k21k2 + h1k22 + h2h1k3 � 2h2h1h4 + h24�k4k2 + h1h3k2 + h21h5 + 2k2h2k1 � 3k5k1 + 2h3k4 + h3h22 � 2h21k4 � h4k3 � h5k2 � h3h5whereas other integrals may be founded in [2℄.In the initial ten-dimensional phase spa
e M the �ve-dimensional Lagrangian foliationC(5) : C � C � C � C � R2is non-
ompa
t. Let us introdu
e a level surfa
e Sab of the Casimir elements I1 = a and I3 = b.It is an eight-dimensional symple
ti
 leaf, whi
h may be identi�ed with the 
oadjoint orbit ofthe 
orresponding Lie algebra [2℄.On the leaf Sab the 
orresponding four-dimensional Lagrangian submanifold depends onfour values of integrals of motion �j = bIj and on two free parameters a and b.Proposition 4 The separated variables are solutions of the following system of equations�(�; �; bI; a; b) = 0 ; ��a �(�; �; bI; a; b) = 0 ; ��b �(�; �; bI; a; b) = 0 ;where �(�; �) determines the spe
tral 
urve of the Lax matrix C (5.3) and bIj are restri
tionsof the original integrals Ij to Sab.So, to 
onstru
t the separated variables we have to 
ompute integrals bIj on a generi
 symple
ti
leaf Sab. This problem was solved in [2℄. Substituting integrals bIj into the equations (5.4) we
an dire
tly 
he
k that solutions of these equations are independent on parameters a and b. Of
ourse, these separated variables 
oin
ide with Darboux-Nijenhuis 
oordinates [2℄.In order to avoid 
al
ulations of the restri
tions of integrals of motion on the symple
ti
leaf Sab we 
an 
onsider mapping Sab ! S
d, whi
h relates di�erent symple
ti
 leaves. Todetermine su
h mapping we 
an apply 
anoni
al transformations of the 
oordinates (h; k) orthe following shift of the Lax matrixeL(�) = L(�) +0� 0 0 0b1 I3 + b2 0 0a1 I1 + a2 
1 I3 + 
2 0 1A ; ak; bk 2 R : (5.5)99



A.V. TsiganovThis transformation 
hanges 
oeÆ
ients of the spe
tral 
urve�(�; �) = �3 � ��eI1�+ eI2�� (�5 + eI3�3 + eI4�2 + eI5�+ eI6) = 0and yields s
aling and shift of the Casimir elementseI1 = (a1 + 1) I1 + a2 ; eI3 = (b1 + 
1 + 1) I3 + b2 + 
2 :The expli
it expressions for other integrals may be simple 
al
ulated from de�nition of the Laxmatrix (5.5). For instan
e, the new Hamilton fun
tion is given byeI2 = I2 � k1(a1I1 � a2)� k2(b1I3 � b2)� (h21 � h3)(
1I3 � 
2) :The 
orresponding Lagrangian foliation depends on six arbitrary parameters. However, pairsof parameters x1 and x2, where x = a; b or 
 give rise to equivalent equations��x1 �(�; �) = 0 ; , ��x2 �(�; �) = 0 ; x = a; b; 
 :So, di�erentiating by parameters a; b or 
 one gets three equations in addition to the initialequation of the plane 
urve.Proposition 5 Solutions of two di�erent systems of equations���; �; eI; a; b; 
� = 0 ; ��ak�(�; �) = 0 ; ��bk�(�; �) = 0 (5.6)and ���; �; eI; a; b; 
� = 0 ; ��ak�(�; �) = 0 ; ��
k�(�; �) = 0 (5.7)are separated variables depending on parameters 
1;2 or b1;2, respe
tively.These two family of variables are related by 
anoni
al transformation of initial phase spa
e Masso
iated with the left and right translations on the group SL(3).Referen
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